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Abstract 

We study pseudoholomorphic curves in symplectic quotients as 
adiabatic limits of solutions of a system of nonlinear first order elliptic 
partial differential equations in the ambient symplectic manifold. The 
symplectic manifold carries a Hamiltonian group action. The equa- 
tions involve the Cauchy-Riemann operator over a Riemann surface, 
twisted by a connection, and couple the curvature of the connection 
with the moment map. Our main theorem asserts that the genus zero 
invariants of Hamiltonian group actions defined by these equations are 
related to the genus zero Gromov-Witten invariants of the symplec- 
tic quotient (in the monotone case) via a natural ring homomorphism 
from the equivariant cohomology of the ambient space to the quantum 
cohomology of the quotient. 

1 Introduction 

The main theorem of this paper asserts that under certain hypotheses there 
is a ring homomorphism from the equivariant cohomology of a symplectic 
manifold M with a Hamiltonian G-action to the quantum cohomology of the 
symplectic quotient M such that the following diagram commutes 



H*(Mg) QH*(M) 
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Here GW^ denotes the genus zero Gromov-Witten invariants of M with fixed 
marked points associated to a homology class B e H2{M; Z), and $b denotes 
the genus zero invariants of Hamiltonian group actions associated to the 
equivariant homology class B = k{B) G H2{Mg', Z). The latter invariant was 



introduced in [|CGS| , |CGMS| , [M| . The homomorphism ip is defined indirectly 
as a consequence of a comparison theorem for the two invariants. A more 
direct definition in terms of vortices over the complex plane with values in 
M will be given elsewhere. The proof of the comparison theorem is based 
on an adiabatic limit analysis which relates the solutions of the equations 
used in the definition of the invariants $ to pseudoholomorphic curves in the 
symplectic quotient. Our hypotheses are that the moment map is proper, 
that M is convex at infinity, and that the quotient M is smooth. These 
hypotheses are needed to even state the result. In addition we assume that 
there are no holomorphic spheres in the ambient manifold (and hence M is 
necessarily noncompact) and that M is monotone. These hypotheses are of 
technical nature and it might be possible to remove them. But this would 
require more analysis than is carried out in the present paper. Before stating 
the main results more precisely (Theorem A and Corollary A') we begin with 
a brief discussion of the invariants introduced in ||CGS| , |CGMS| , |M[] . 



Invariants of Hamiltonian group actions 

Let (M, u) be a symplectic manifold (not necessarily compact) and G be 
a compact connected Lie group with Lie algebra q. We fix an invariant 
inner product (■,■) on g and identify g with its dual g*. We assume that 
G acts on M by Hamiltonian symplectomorphisms and that the action is 
generated by an equivariant moment map fi : M g. This means that, 
for every r/ G g, the vector field G Vect(M) that generates the action is 
determined by i(X^)a; = d{fi, rj). Let vr : P — E be a principal G-bundle over 
a compact oriented Riemann surface (S, js, dvols). We fix a smooth family 
S J'q{M,uj) : z ^ Jz of G-invariant and cu-compatible almost complex 
structures on M. This determines a family of metrics (■, ■)z '■= uj{-, Jz-)- The 
invariants are derived from the equations 

dj,A{u) = 0, *FA + fi{u) = 0, (1) 

for a pair {u, A), where -u : P — >■ M is a G-equivariant map and A is a con- 
nection on P. Here dj^A is the nonlinear Cauchy-Riemann operator twisted 
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by A and Fa is the curvature of A. Both terms in the second identity in (|T]) 
are sections of the Lie algebra bundle Qp '■= P y< Ad d- In contrast to the 
theory of pseudoholomorphic curves, equations ([^) involve the volume form 
dvols (via the Hodge ^-operator in the second equation) and not just the 
complex structure js- Equations (|l]) are invariant under the action of the 
gauge group Q = Q{P) (of equivariant maps from P to G) by 

g*{u,A) = {g-\,g-^dg + g-^Ag). 

lYiom. a geometric point of view, the solutions of (|T]) correspond to the 
absolute minima of the energy functional 

E{u,A) = ]- I + + dvols 

in a given homotopy class. If the pair (m. A) is a solution of (|lD then it has 
energy 

Eiu,A) = Jju*co-d{fxiu),A)) =: {[u-fj],[u]) 

and this number is an invariant of the equivariant homology class represented 
by the map u. We impose the following hypothesis throughout this paper. 

(HI) The moment map fj, is proper, zero is a regular value of fj,, and G acts 
freely on /i^^(O). 

Under this hypothesis the quotient 

M := M//G := /i"^(0)/G 

is a compact symplectic manifold. The induced symplectic form will be 
denoted by uj. The equivariant homology class [u] G H^^Mq; Z) is defined by 
the following diagram, which also shows how it is related to the characteristic 
class [P] G //2(BG; Z) and to the class [u] G H2{M; Z) in the case fiou = 0. 
Note that, since G is connected, the equivariant homology class [u] determines 
the isomorphism class of the bundle P. We denote Mq := M Xq EG. 

[S] G H2(S;Z)^^H2(M;Z) 3 [u] 
H2(Pg;Z)^^H2(Mg;Z) 3 [u] 




[P] G H2(BG;Z) 
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Fix a homology class B G H2{M;Z), let B := k{B) G H2{Mg;Z), and 
denote the space of solutions of (|l]) that represent this homology class by 

Mb,e ■■= {{u, A) G C^(P, M) X A{P) I [u] = B,u and A satisfy (|lD} . 

Here P — > S denotes a principal G-bundle whose characteristic class [P] G 
if2(BG; Z) is determined by B as above. The quotient by the action of the 
gauge group will be denoted by 

We impose another hypothesis which guarantees compactness ||CGMS|| . 

(H2) There exists a G-invariant almost complex structure J G J'q{M,uj), 
a proper G-invariant function / : M — > [0, oo), and a constant c > 
such that 

fix)>c =^ m\/fix),o>o 

for every nonzero vector ^ G Tj.M and 

f{x) > c =^ d/(x)JX^(,)(x) > 0. 
Moreover, v*uj = for every smooth map v : S"^ ^ M . 
This hypothesis implies that supp(/ o u) < c for every solution {u, A) of (|l]) 



over any Riemann surface and in any homology class (see ||GG1V1S| | ) . In I fJGS 



it is shown that (H2) follows from (HI) in the case of linear actions on C". 
In [ |UG1V1!S[ it is shown that the moduli space M.b,i: is a smooth compact 
manifold of dimension 

dim Mb,i: = Q dim M - dim G^ x(S) + 2(cf (TM), B) 

for a generic J, provided that {HI — 2) are satisfied, S is a nontorsion 
homology class, and the area of E is sufficiently large. The latter condition, 
together with the energy identity, guarantees that every solution of (|I|) is 
somewhere close to the zero set of the moment map. The class cf{TM) G 
H'^{Mq] Z) in the dimension formula denotes the equivariant first Chern class 
of the complex vector bundle (TM, J) . 

Consider the evaluation map evc : Mb,t, — ^ Mq, defined by 

evG{[u,A]) := [u{po),eo{u, A)], 
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where po E P is fixed and Gq : b,y, EG is a smooth map such that 

This means that Go is a classifying map for the principal G-bundle Vb,t, 
■M.B,T, obtained as the quotient of A4b,t, by the based gauge group Qo 
{g ^ G\g{po) = 11} • Let a G H*{Mq]'L) be a class of degree deg(a) 
dim J^BY. and define 



' Mb,t. 

In ||CGMS|| it is shown that this integer is independent of the almost complex 



structure J, the metric on S, and the point po used to define it. 

Now let D := {z & 'C\\z\ < 1} and consider the space of maps v : D —>■ M 
that map the boundary dD to a G-orbit in /i~^(0): 

V := {v: D ^ M\3g : R/2nZ ^ G 3x G fi'\0) WO eR v{e'^) = g{e)x} . 

Let m : V — > Z denote the function which assigns to each element f G V 
the Maslov index of the loop of symplectic matrices obtained from the linear 
maps g{d) : T^M — >■ Tg(^g)xM in a trivialization along v. Every smooth map 
V : S"^ ^ M lifts to a map f G V and in this case the Maslov index m.[v) 
is equal to the first Chern number (ci(TM), w^,[S'^]). The minimal Maslov 
number will be denoted by 

N := inf m(f ). 

v&V, m(t))>0 

This is a lower bound for the minimal Chern number of M. We impose a 
third hypothesis. 

(H3) There exists a constant r > such that 

v*uj = rm(f ) 

D 

for every f G V. 

This hypothesis implies that the quotient M is a monotone symplectic man- 
ifold and that the energy of every holomorphic sphere in M is an integer 
multiple of h := tN. The main result of this paper asserts that under 
hypotheses (Hl-3) the invariant $5,52 agrees with the corresponding genus 
zero Gromov-Witten invariant of M, provided that the cohomology classes 
Oi have degrees less than 2N. 
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The main theorem 



Theorem A. Assume (Hl-3) and let B G H2{M;Z) and ai,...,ak G 
Hq^M^I,) he given such that 

deg(ai) < 2N 

for i = 1, . . . , k and 

J2 deg(ai) := Q dim M - dim + 2(cf (TM), B), 

where B := k{B) G H^{M; Z). Then 

*s,52(ai ^ ftfc) = GPF5^s2(ai, . . .,ak), 

where oti := n{ai) G H*{M;Z). 

Remarks, (i) In the definition of $b,s the point po & P at which the map 
u is evaluated is fixed and the cohomology class ev^a G H*{AiB,s','^) is 
independent of the choice of the point po used in the definition of evQ. The 
Gromov-Witten invariants in Theorem A are also to be understood with 
fixed marked points on S*^ in the definitions of the evaluation maps, and 
with almost complex structures that are allowed to depend on the base point 
zeS^. 

(ii) If, in addition to {H3), we assume [uj] = tci{TM) then the proof of 
Theorem A goes through word by word for the higher genus case (with fixed 
marked points). In general, the extension to general Riemann surfaces re- 
quires a refined version of the compactness theorem in Section |12| which takes 
account of the preservation of the homotopy class in the limit, as in Gromov 
compactness. With similar refined arguments one should be able to deal with 
the case of varying marked points or of varying complex structures on S. 

(iii) The assertion of Theorem A does not continue to hold in the case 
deg(aj) > 2N. For example, consider the standard action of on C", let 
P ^ he an S'^-bundle of degree d > 0, and denote by c G H^(BS^; Z) = 
if|i(C";Z) the positive generator. Then the minimal Chern number is 
N = n, the dimension of A4d,s^ is 2nd + 2n — 2, and we have $^ 52(0™) = 1 
whenever m = nd + n — 1. The corresponding Gromov-Witten invariant (for 
a /c-tuple of classes c™^, . . . , 0™*= with mi + ■ ■ ■ + = m) counts holomor- 
phic spheres of degree d in CP"^^ passing at k given points zi, . . . , Zk G 
through generic copies of (CP'*^^^™» for i = 1, . . . ,k. Thus the Gromov- 
Witten invariant is zero whenever deg(c™') = 2m j > 2n for some i. 
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Equi variant and quantum cohomology 

Consider the monotone case. The quantum cohomology QH*(M) of M is the 
ring of all formal sums of the form 

B£H2{M;'L) 

where G H*{M; Z) /torsion, such that 

# {5 G H^iM; Z)\aB^ 0, {[u], B) < c} < oo 

for all c > 0. The degree convention is deg(e'^) := 2{ci{TM), B) . Choose an 
integral basis eo, . . . , e„ of H*{M] Z)/torsion and let e* denote the dual basis 
in the sense that 

J M 

Then the product structure on QH*(M) is defined by 

n 

Bi,B2,B i=0 

The sum is over all quadruples i, Bi, B2, B such that 

deg(ai) + deg(a2) = deg(ei) + 2ci(5), 

where we abbreviate ci{B) := {ci(TM), B). 

The Gromov-Witten invariant associated to a Riemann surface E, with 
a fixed complex structure js and fixed marked points Zi, . . . ,Zk, can be ex- 
tended to a map GW^^^ : QH*(M) ® ■ • ■ ® QH*(M) ^ Z by the formula 

GWs,Aau ...,ak):=Y^ GW B-B^—-Bk,^i^iB^, • • • , "fc^J- 

With this convention the gluing formula for the Gromov-Witten invari- 
ants | 1V1S1| , |K1' I can be expressed in the form 

GWB,j:iai, ...,ak) = GWB,j:iai *---*ak). (2) 

We abbreviate H*{X) := if* (X; Z) /torsion. 
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Corollary A'. Assume {HI — 3) and suppose that H*{Mq) is generated by 
classes of degree less than 2N. Then there exists a unique (surjective) ring 
homomorphism tp : H*{Mq) — > QH*(M) such that, for every a G H*{Mq) 
and every B e H2{M; Z), 

deg(a) < 2N =^ (p{a) = k(q;), 

Proof. Let a G H*{Mq) and choose aij G H*{Mq) such that (\.eg{aij) < 2N 
and 

an- (3) 

Define 

k 

ip{a) ■.= ^K{aii) * ■ ■ ■ * K{an>). (4) 

i=l 

We prove that ip{a) is independent of the choice of aij. To see this, note 
that, since the cohomology of M is generated by classes of degree less than 
2N, so is the quantum cohomology. This means that a quantum cohomology 
class a G QH*(M) is zero if and only if GW§ s2{a, Pi, ... , Pm) = for every 
B G H2{M; Z) and all A, ... G H*{M) such that deg(/5j) < 2N for all j. 
Now suppose that the expression on the right of @) is nonzero. Then, by 
what we have just observed, there exist cohomology classes f3i,...,/3m of 
degrees less than 2N and a homology class B G H2{M; Z) such that 

fc 

52(/t(aii), . . . , K{au),l3i, . . .,f3m) ^ 0. 

i=l 

Since the homomorphism k : H*{Mq) — > H*{M) is surjective (cf. [Q), there 
exist classes /3j G H*{Mq) (of degrees less than 2A^) such that = /3j for 

every j. Hence, by Theorem A, 

k 

■ ■ ■ ai£ Pi ■ ■ ■ Pm) ^ 0, 

i=l 



a 



k 

i=l 



an 
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and hence a 7^ 0. This shows that is well defined. The map is obviously a 
ring homomorphism. The formula $^ 52(0?) = GW g2{(p{a)) follows imme- 
diately from Theorem A and the gluing formula (|^) for the Gromov-Witten 
invariants. □ 

The homomorphism Lp : H*{Mq) — > QH*(M) can be defined geometri- 
cally in terms of the vortex equations over C: 

dsu + L,* + J{dtu + Lu^) = 0, 9,* - dt^ + [$, ^] + i2{u) = 0. (5) 

For every finite energy solutions of (|]) in radial gauge there exist a loop 
g : ^ G and a point xq G /i^^(O) such that 



lim M(re^^) = ^(e^^)xo (6) 

r^oo 



(see Section pJ] ). Every map u : C ^ M that satisfies (|^) determines an 
equivariant homology class B = [u] ^ H2{Mq]'L). Now the moduli space 
■M.b{.J) of gauge equivalence classes of solutions of (H) and (||) that represent 
the class B has two evaluation maps evo : M.b Mq and evoo : A4b ^ M. 
The map ip can be defined by 



The details of this construction will be carried out elsewhere. 



Outline of the proof of Theorem A 

The proof of Theorem A is based on an adiabatic limit argument in which 
the metric on the Riemann surface is scaled by a large factor e^'^ . Then 
equations (|1]) have the form 

^j,a(m)=0, *Fa + £-VM = 0. (7) 

The solutions of minimize the e-dependent energy 

E\u,A) = \ [ {\dAu\' + 6'\FA\' + e-'\fi{u)\') dvoh, 

and the value of this functional at a solution of (|^) is independent of e in 
a given equivariant homology class. In this paper we examine the limit 
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behaviour of the solutions of (|^ as e tends to zero for Riemann surfaces of 
any genus. The hmit equations have the form 

BjAu) = 0, f^iu) = 0. (8) 

The solutions of (|]) can be interpreted as pseudoholomorphic curves in the 
symplectic quotient M = /i~^(0)/G with respect to the induced family of 
almost complex structures Jz (see Section 0). We impose a further hypothesis 
that is satisfied for a generic family of G-invariant almost complex structures 
on M: 

(H4) Every nonconstant J-holomorphic curve u : H ^ M is regular in the 
sense that the linearized Cauchy- Riemann operator along u is surjec- 
tive. 

This hypothesis guarantees that the moduli space of holomorphic curves in 
M is smooth. 

The proof of Theorem A requires three preliminary theorems which are of 
interest in their own rights. Theorem B constructs a ^(P)-equivariant map 

{uo,Ao) ^ {ue,A,) =: f%uo,Ao) 

which assigns to every regular solution of a nearby solution of (0) for 
e > sufficiently small. How small e must be chosen depends (continuously) 
on the given pair {uo,Ao). Theorem C shows that the map constructed 
in Theorem B is locally surjective in the sense that every solution of (|^ that 
is sufficiently close to a solution (mq, Aq) of (|^) must be in the image of T'^. 
The neighbourhood in which surjectivity holds depends on e: it becomes 
smaller as e tends to zero. Theorem D strengthens the local surjectivity 
result of Theorem C. We remove the assumption that the solution of (^ 
is close to some given solution of (|]). However, we consider only solutions 
of (|^ that satisfy a suitable L°°-bound on the first derivatives and prove 
that every solution of (|^ that satisfies this bound lies in the image of 
for e small. The proof of Theorem A is then based on a bubbling argument 
in the small e limit which establishes a one-to-one correspondence between 
the solutions of (|[) and those of (^ in a zero dimensional setting, where 
additional conditions have been imposed. 

In Section ^ we review standard results about the moduli space of pseu- 
doholomorphic curves in the symplectic quotient M// G and rephrase them in 
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terms of solutions of (j^). Theorems B, C, and D will be stated in Section 
The remaining sections are devoted to the proofs of the four main theorems. 

While the general outline of the proof of Theorem A is analogous to the 
proof of the Atiyah-Floer conjecture in ||DS1| , |DS2|| there are several new 
ingredients in the present paper. 

In | DS2 | the moduli space of Floer connecting orbits is a finite set, while 
the moduli space Ai^ of pseudoholomorphic curves is, in general, a (noncom- 
pact) manifold of positive dimension. Hence, in constructing the map 
from (a compact subset of) to A^^, care must be taken to establish that 
the constants depend continuously on the point in A4°. This refers to the 
linear and quadratic estimates needed in the proof of Theorem B (Sections | 
and |). Secondly, we extend the estimates of |pSl|| for the e)-norms to 
the (2,p, e)-norms (see Lemmata [4.5[ - [4.8| and Proposition |5.1|) . For the linear 
estimates the extension to the higher derivatives is quite subtle because of 
the ^-dependent norms. Another new ingredient arises from the presence 
of nonlinearities in the highest order terms of the Cauchy-Riemann equa- 
tions. This requires more delicate quadratic estimates (Proposition for 
the proof of local uniqueness (Theorem |6.2| ). 

The proof of the e-local slice theorem in Section |^ (which can be viewed as 
a simpler analogue of Theorem B) is considerably harder than the analogous 
result in | pS2|| , since a) we must establish estimates for the {2,p, e)-norms, b) 



we must prove that the constants depend continuously on the point in Ai , c) 
the manifold M is not an affine space so we must deal with additional lower 
order terms, and d) we give a proof of the linear estimate in Lemma |7]^ for 
p > 2 (the analogue in [pS2|l was only established for p = 2). 

The proof of local surjectivity (Theorem C) requires a subtle tubular 
neighbourhood theorem for the moduli spaces Ai"^. The result is quantitative 
with constants independent of e. In particular, the proof involves an estimate 
for the derivative of the map (mq, Ao) (^o,«o,5') given by the e-local slice 
theorem. This is where the estimates for the (2,p, £)-norms are needed. As 
a result the entire adiabatic limit argument has to be carried out for these 
higher norms. In comparison, the analogous result in | DS2| , Proposition 
6.3] can be disposed of with a simple time shift argument and only requires 
estimates in the (l,p, £:)-norm. 

Another new ingredient in the present paper is the apriori estimate in 

It asserts that every solution of (|^) which satisfies a certain 

bound must be e^^^-close to the zero set of the moment map. As a 
consequence we obtain in Theorem |10.1| a much stronger surjectivity result 



Lemma P3 



11 



for the map T^; compare with 



Theorem 8.1]. This strenghtened form 



of |PS2| , Theorem 8.1] is needed to close a gap in the proof of |PS2| , Theorem 
9.1], namely to prove that the holomorphic sphere in the symplectic quotient 
appearing in the bubbling argument on page 634 in |PS2|| is nonconstant. 



At the same time the bubbling argument in the proof of [pS2| , Theorem 9.1] 
can be simplified: it suffices to work with the sequence := s\i]i{\dAvUy \ + 
instead of := sup(|(i^yU;^| + e~^\FA^\^^'^)- The modified bubbling 
argument is carried out in the present context in Section 0. 

In Section |l^ we establish the asymptotic behaviour and the quantization 
of the energy for solutions of the nonlinear vortex equations on the complex 
plane. (An analogous result for anti-self-dual instantons is used without proof 
in | pS2| |.) In Section |T2| we construct a classifying map on an open set in 
Cq{P,M) X A{P), which contains the moduh spaces for all e G [0,£o], 
with values in a finite dimensional approximation of EG; and we prove C^- 
convergence for the composition of the resulting evaluation map with T^. All 
these results are needed in the proof of our main theorem. 



2 Pseudoholomorphic curves 

For z e E let denote the almost complex structure on M induced by J^, 
let P — »• M denote the principal G-bundle P := fi~^{0) C M, and let A 
denote the connection on P determined by uj and J. If {u, A) is a solution 
of d^) then u descends to a J-holomorphic curve u : H ^ M and A is the 
pullback of A under u. Two gauge equivalent solutions descend to the same 
map u and every J-holomorphic curve u : E — >■ M lifts to a solution of (H) 
for some principal G-bundle P (isomorphic to the pullback of P under u). 

Fix a homology class B e i/2(M;Z), let B := k{B) e H^{M;Z), and 
consider the space 

A^B.s := A) G C^{P, M) X A{P) \[u] = B and (|) holds} . 

This space is invariant under the action of the gauge group Q{P). Under our 
standing hypothesis (114) the quotient 

:= M%^/g{p) 

is a smooth manifold of dimension 

dim A^°j 2 = Q dim M - dim G j x(S) + 2(cf (TM), B) 
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MSI, Theorem 3.3.4]). Note that M.b,t. and M.^^. have the same 



{see 
dimension. 

For later reference we now introduce exphcit notation for a local para- 
metrization of M.^^ y. by the kernel of the linearized operator. Linearizing 
equations (||) at a solution (u, A) gives rise to the Cauchy-Riemann operator 

given by 

where : m*TM/G) ^ ^]0'l(M*TM/G) is the operator (^) in 

Appendix The bundle if„ — > E and the projection 7r„ : u*TM are 
defined as follows. Consider the bundle H — > S x /i~^(0) with fibres 

Hz^x '■= ker dfi{x) fl ker dfi{x)Jz- 

There is an orthogonal decomposition 

T^M = imLr,® Hz,x © im JzL^ 

for every {z^x) G S x /i~^(0), where L^. : g — T^-M the infinitesimal action, 
i.e. 

L^T] := Xr^{x). 

Its dual operator with respect to the metric determined by is given by 

L* = L*^ = diJi{x)Jz{x). 

Now let M : P ^ /i^^(O) be an equivariant map and consider the puUback of 
H under the map £t : P ^ S x yU^-'^(O), given by u{p) := (7r(p), This 
pullback is a G-equivariant vector bundle over P and its quotient 

Hu := ?I*i//G — > S 

is naturally isomorphic to the pullback of the tangent bundle TM under the 
induced map u : S — > M. Let tt^ : u*TM/G — >• if^j denote the orthogonal 
projection onto the harmonic part. Thus 7r„[,^] := [t^u^] where the lifted 
projection u*TM —>■ u*H (also denoted by vr^) is given by 

7r„e := e - KiKL^r^Lli + JL^{LIK)-^ L*Ji (9) 

for a G-equivariant section ^ : P — > u*TM. 
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Theorem 2.1. Assume (HI) and (H4) and fix a constant p > 2. For every 
{uo,Ao) G 2 there exist a sequence of positive constants 6,c,ci,C2, ■ ■ ■ 
and a map 

^ ■■= ^Lao) Bl - M%^, := {^0 e ker | UoL, < 6}, 

such that the following holds. 

(i) If C,o G 0° then there exists a unique pair of sections G 11^^) and 
C,2 G im JL^g/G) s-uc/i i/iat 

and i/ie pair {uo,Aq), given by 

uo := exp^/^°^(^o + 6) = exp^,,(^o + 6+6), A ■= -(L*,L„„)~^L;^c/mo, 

satisfies (j^. T/ie j^azr (uo,v4o) ^s i/ie image 0/6 under J^'^. 

(ii) For every integer k > 1 and every 6 £ we /iawe 

where 6; 6; ^^^^ ^0 o'^e as in (i). 

(iii) r/ie maj* is smooth and dJ^{Q)^o = (6,00), where ao G f2^(E,gp) 
is uniquely determined by the equation 

Theorem |2]1| is a standard resuh in the theory of holomorphic curves 
(cf. [|MS 1|] ) ■ It follows from Fredholm theory and an infinite dimensional 
version of the implicit function theorem. In most applications the moduli 
space is not compact. However, it can be exhausted by the compact 

subsets ^ 

where cq > and 

-A^B,s(co) := {{u,A) G M%j: I IM^ullioo + WFaWloo < Cq} . 

Note that s('^o) is invariant under the action of G{P)- For later reference 
we prove the following lemma. 
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Lemma 2.2. Fix a reference connection A G A{P). Then, for every Cq > 
and every integer £ G N, there exists a constant c = c(co, i) > such that, 
for every (mq, Aq) G -M^-^ico), we have 



inf (\\g ^u\\ce + \\g*Ao - A\\ce) < c. 
9&Q{P) V / 



Proof. Suppose, by contradiction, that there exists a sequence {uu. Ay) G 
M.%y.{cq) such that ||5'^"'^M!y||c* + 11(7*^!^ — A\\ci > v for every v and every 
g e Q[P)- By [pVISl] , Theorem B.4.2] there exists a subsequence, still denoted 



by such that the induced maps Uy : M//G converge in the 

C°°-topology to a smooth J-holomorphic curve. The limit curve represents 
the same homotopy class as the^approximating curves and hence can be 
represented by a pair {u,A) G A^^sl^o)- Since the sequence Uy converges 
to u : S ^ Af //G in the C^"*" "^-topology, there exists a constant z/q > such 
that, for every z/ > z/q, there exist a gauge transformation gy and a section 
e,y G such that 

gy^Uy = exp^i^y), lim = 0. 

The formulae 



glAy = -{L*-,^^Lg^i,J ^Lg-i^J{g^\y), A = -{LIL^) ^L^du, 

show that gliuy, Ay) converges to (u. A) in the topology. This contradicts 
the choice of the sequence {uy, Ay) and hence proves the lemma. □ 



Theorem 2.3. Assume {HI) and {HA), let B G H2{M;Z) be a nontorsion 
homology class, and let (E,dvolE,js) be a compact Riemann surface. Then, 
for every Cq > and every p > 2, there exist positive constants c and 6 such 
that the following holds. If u : H ^ M is a smooth map such that [u\ = B 
and 

||(iu||ioo < Co, \\dj{u)\\LP<5 
then there exists a section C, G Q^{T,,u*TM) such that 

dj{exp^{0) = 0, < c\\dj{u)\\L.. 



15 



Proof. This is again a standard result for pseudoholomorphic curves and the 
proof is almost word by word the same as that of |PS2| , Theorem 2.5]. Here 
is a sketch. One argues by contradiction. If the result were false, there would 
be a sequence of smooth maps : E — >■ M that satisfies 

sup II (i^i II L°° < oo, lim ||(?j('Uj)||LP = 0, 

but which does not satisfy the conclusion of the theorem for any constant c. 
This means that the ^'^-distance of Ui to the space of J-holomorphic curves 
is not controlled uniformly by the L^-norm of dj{ui). Now, by the Arzela- 
Ascoli and Banach-Alaoglu theorems, a suitable subsequence of Ui converges, 
strongly with respect to the sup-norm and weakly in H^^'^, to a J-holomorphic 
curve u. It follows from standard elliptic regularity for J-holomorphic curves 
that Ui then converges strongly with respect to the ly^'^-norm. To see this, 
write Ui = exp^(^i) and observe that 

< C2 {\\dj{Ui)\\LP + ll^llwi.f II6IU-) + ClIlfillLf- 

Here the first inequality is the elliptic estimate for the Cauchy-Riemann 
operator and the second is the quadratic estimate for Bj. With this 
established it follows from hypothesis (H4) and the implicit function theorem 
for the operator dj that there exists a sequence of J-holomorphic curves uoi 
whose ly^'^-distance to Ui is bounded above by a fixed constant times the 
L^-norm of dj{ui) (see |PS2| , Theorem 2.1]). This shows that the sequence 



Ui does after all satisfy the conclusion of the theorem, in contradiction to our 
assumption. □ 

3 Adiabatic limits 

Before stating our main results we introduce some notation. Fix an equiv- 
ariant homology class B G H2{M; Z), let S := k,{B), and denote 

B := {{u, A) G C^(P, M) X A{P) I [u] = B} . 

This space is an infinite dimensional Frechet manifold with tangent space 

T(^u,A)^ ■■= n\T.,u*TM/G) X fii(S,gp). 
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It carries an action of the gauge group Q = Q{P) by g*{u, A) = {g ^u, g*A). 
Consider the vector bundle £ B with fibres 

8^uA) ■■= l^°''(S,u*TM/G) ©r]°(S,0p) 

and the ^-equivariant section : E E given by 

T\u, A) := {dj^A{u), *Fa + 

The zero set of this section is the space 

•^B,s ■■= {{u,A) e B\u and A satisfy (0)} . 

Its quotient by the action of the gauge group will be denoted by 

The following theorem asserts the existence of solutions of (0) for sufficiently 
small e near every regular solution of (||). The result is quantitative and the 
estimates are expressed in terms of suitable ^-dependent norms. Moreover, 
an operator : T(u,a)B ^{u,A) ® ^°(S,0p) appears. This operator is the 
augmented vertical differential of JF^. The operator and the norms will be 
defined in Section ^j. 

Theorem B. Assume {HI) and [HA) and let B G H2{M] Z) be a nontorsion 
homology class. Then, for every Cq > and every p > 2, there exist positive 
constants Eq, c, and S such that for every e G (0,£:o] there exists a Q{P)- 
equivariant map ^ ^ 

that satisfies the following conditions. 

(a) Ifiuo,Ao) E A<^,e(co) then 

f'{uo,Ao) = {exp^^{^,),Ao + a,), 
where (e = (^e,«e) G T(^uo,Ao)^ satisfies 

IK£|l2,p,e;(uo,Ao) — ' 

-dXa, + e-^K^L = 0, C. e im (10) 

(b) If {uo,Ao) e M% j^{co) and {u,A) = (exp„^^(0, + «) G M%^^ where 
C = (C) C() G T(^uo,Ao)^ satisfies ( |7Z| j and 

then {u,A) = T'^{uo,Aq). 
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The map of Theorem A descends to a map between the quotient spaces 
which we denote by 

Assertion (a) is proved by a Newton type iteration (see Section It requires 
hnear and quadratic estimates for the e-dependent norms with constants that 
are independent of e. These estimates are proved in Sections ^ and Asser- 
tion (b) is a strengthened form of the corresponding uniqueness statement. 
Here the neighbourhood in which uniqueness holds is larger than in the exis- 
tence result (namely it is of radius ce^^^"'"^/^ instead of ce^). The uniqueness 
statement shows that the maps are independent of cq in the sense that 
two such maps corresponding to different values of Cq (but the same value 
of e) agree on the intersection of their domains. The next theorem shows 
that is locally surjective. 

Theorem C. Assume (HI) and (HA) and let B G H2{M; Z) be a nontorsion 
homology class. Then, for every cq > and every p > 2, there exist positive 
constants Eq and 6 such that the following holds for every e G (0,£:o]- If 

(mo, Ao) G A^^,s(co - 1), (m, A) = (exp^^(e), + a) G M%^j., 
where ( = (^, a) e T^uoM^ satisfies 

llcll - < 

IP M l,p,e;{Mo,Ao) — ' 

then {u,A) G f%M% j.{co)). 

This result is restated more precisely in Theorem R?T] in Section 13. There 



it is proved that 

g*iu,A) = T%uo,Ao) 

for some gauge transformation g and some pair {uq, Aq) in the image of the 
map J^^ of Theorem Moreover, it is shown that the distances of (7 to 11 
(in the (2,p, £)-norm) and of (mq, ^o) to {uq, Aq) (in any norm) are controlled 
by the (l,p, e)-norm of (. 

Theorem C strengthens the local uniqueness result of Theorem B (b) in 
that condition (|TD|) is no longer required. The proof relies on an e-dependent 
local slice theorem (Section ^ and on the construction of a tubular neigh- 
bourhood of the moduli space A^^^l^o) in which the normal bundle is the 
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intersection of the ^-dependent local slice with the image of the adjoint op- 
erator D"^* (Section]^). 

The next theorem strengthens the local surjectivity result of Theorem C. 
It does not require the solution {u, A) of (0) to be close to any solution of (H). 
However, it only applies to solutions that satisfy a uniform L°°-bound on cIau 
and for which u takes values in the compact set 

■={xeM\ < C, \7]\ < C\L^r]\ V r/ G g} . 

Theorem D. Assume (HI) and {HA) and let B G H2{M; Z) be a nontorsion 
homology class. Then, for every C > 0, there exist positive constants Sq and 
ci such that the following holds for every e G (0,eo]- If {u,A) G M-bs ^^(^^ 
that 

\\dAu\\Loo < C, u{P) C (11) 
then {u,A) G f'{M%^{ci)). 



Under hypotheses {HI — 2) the moduli space A4% ^ is compact ||CGMS 
In this case all solutions of (|^) satisfy 

\\dAu\\Loo + \\fl{u)\\Loo < Ce 

for some e-dependent constant Cs- However, this does not guarantee surjec- 
tivity because, on the one hand, the constant may diverge to infinity as e 
tends to zero and, on the other hand, the solutions of (|^ may not all satisfy 
the second condition in the definiton of M*", namely that the image of u 
belongs to the set of regular points of fi. There may be sequences (e,, Ui, Ai) 
of solutions of (|^) with Si —>■ such that either Ui{P) intersects the set of 
singular points of or rf^-Wj does not stay bounded, and then bubbling oc- 
curs in the small e limit. Under the hypotheses of Theorem A we shall prove 
that such bubbling cannot occur and establish a bijection between suitable 
zero dimensional moduli spaces. 

4 Linear estimates 

The estimates in this section follow the ones in ||DS2| , Section 4]. In adapting 
the proofs to the present context we encounter additional zeroth order terms. 
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These arise from the Levi-Civita connection and the almost complex struc- 



ture on M; they are not present in ||DS2|| where M is replaced by the space 
of connections over a Riemann surface and the almost complex structure by 
the Hodge *-operator. We extend the results of [pS2|| by including estimates 



for the second derivatives. Moreover, in the present case it is crucial that the 
constants depend continuously on the pair (m, A). In | DS2 the moduli space 
is a finite set and so the question of continuous dependence does not arise. 
For u G C^(P, M) we introduce the spaces 

:= n°(S,u*TM/G) X fii(S,gp), 

:= ^]°'^(S,M*TM/G) X Q%J:,Qp) X fi°(S,flp). 

Thus = ^a,A)^ and = S^u,a) x ^^°(S,0p) for every A e A{P). If the 
map u is understood from the context then we shall omit the subscript u. It 
is convenient to introduce the norms 



IKIIl,p,e;(«,A) 
IKIl2,p,e;(«,A) 



LP 



\a\ 



\a\ 



l,p,e;A 



2,p,e;A 



mLP+^ 
m\LP+^ 



V4 Va^ 



LP 



for ^ G ^]°'^(S,M*TM/G), a G ^]'^(S,0p), A; = 0, 1, and 1 < p < oo. Here 
Va denotes the Hermitian connection on u*TM/G defined by (|108|) . For 
£ = 0, 1,2, 1 <p < oo, and 



we consider the norms 



IIC'I 



l,p,e;{u,A) 
i,p,£;{u,A) 



IKIkp,e;(u,A) + ^ ll"ll£,p,£;(«,A) ' 

IK ll£,p,e;(M,A) + ^ IIV^'ll£,p,e;(M,A) + ^ II II £,p,e;(«,A) ' 



where IKIIope («A) IKIIlp • These norms are gauge invariant, e.g. 

l|(^^"'^'^?"'"^?)|L,p,e;(3-i«,3*A) = IIK'")ll£,p,.;(«,A)- 

If the pair (u. A) is understood from the context we shall drop it to simplify 
the notation. In particular, we abbreviate 



0,oo,e;(«,A) 



20 



The augmented vertical differential of T'^ at a zero (m, A) G i3 is the 
operator 

given by 

where D = : fi°(S,u*TM/G) ^ l^o-^S, u*TM/G) is the Cauchy- 

Riemann operator defined by (|109| ). The second coordinate in the definition 
of corresponds to the local slice condition for the ^-action. For the def- 
inition of the adjoint operator it is convenient to use the e-dependent inner 
products associated to the (0, 2, £:)-norms. In addition we use twice the stan- 
dard inner product on the space f2'^'^(S, m*TM/G). Then the adjoint of 
is given by 

f 2Dr + W + ^W A 

V 2e~^L:^' - dAV' - *dAij' J 

for (^', ip', ip') G X' . The sole purpose of the factor 2 is to render the off- 
diagonal terms in the operator of zeroth order. 

Remark 4.1 (Local coordinates). Let v : U ^ S be a holomorphic co- 
ordinate chart defined on an open set f/ C C and lei v : U ^ P be a lift 
of t;. In this trivialization the map u, the connection A, the vector field ^ 
along u, and the 1-form a are represented by 

^1°= := uov, ^1°" := v*A = ^ds + ^! dt, 

^1°= := ^ov, a^°^ := v*a = ds + ijj dt, 

where $, \Ef, <f, ip are Lie algebra valued functions on U. The volume form on 
U is given by 

ds A dt := i;*dvolE 

for some function A : ?7 — > (0, oo) and the metric has the form A^((is^ + dt"^). 
From now on we shall drop the superscript "loc" and introduce the notation 

Vs := dsU + X^{u), Vt := dtU + Xq,{u), 

VA,.e := Vs^ + ^X^{u), VaA ■■= Vt^ + ^X^{u), 

Va,s^ := VA,s^-'^J{V,J + dsJ)^, Va4 ■■= VA,t^-\J{V,J + dtJ)t 

^A,sTl ■■= dsr] + [^,ri\, VA,tV ■= ^t^+l^,^], 
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for 77 : — > and a vector field ^ : C/ — > u*TM along u. Then 
dAU ^Vsds + vt dt, V^C = Va,s^ ds + V^.tC dt, 

and 

*Fa = A-2 (9,* + [$,*]), 
*dAa = (Va.sV' - V4,tV?) , 

In local coordinates a (0, l)-form on S with values in u*TM/G has the form 
ji^'ds — J^'dt), where C{s,t) e Tu(s,t)M. In particular, 

<9j,a(m) = ^{vs + -^^'^) c^s + ^{vt - Jv^) dt, 

We represent a (0, l)-form by twice the coefficient of ds. Then 

DC = ^aA + J^a4 + \N{i, Vs - Jvt) + \{JdsJ - d,J)C, 
where N{^i,^2) = 2J{{V^2J)^i — (V^i^)C2) denotes the Nijenhuis tensor, and 

2D*e = ^ (-VA,.r + J^tC - ljm'J){vs - Jvt) + \{JdsJ - dtJ)C^ . 

The Weitzenbock formula has the form D*D^ = ^Va VaC + l.o.t. In the 
Kahler case we have Va = Va, VJ = 0, and S^J = dtJ = 0. Hence in this 

case 

D*D^ = -2^(VA,.VA,.e + VA,tVA,tO 



2A2 ' 2A2 
In local coordinates the operators and V^* have the form 

vx = I a-2(Va,,v^ + va,*^) + 

A-2(Va> - VA,t(^) + 

2D* + + JL„V' 
= I -S/a,sV' + Va,^^' + e-'Ll^' 
-Va,s^' - VA,t^' + e-^dn{u)i' 
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Proposition 4.2. For every p > 2 and every cq > there exist positive 
constants Eq and c such that 



\l,P,e;{n,A) < C (eUP^CIIcp.e + Ikn^lUf ) , 
1,P,e;{u,A) < (||^^^CI|o,p,e + II^u^IIlp) ; 

\\C\\l,p,eiu,A) < c{e\\V'*C\\o,p,e+\Ke\\Lp), 
\\C-'^uC\\l,p,e;iu,A) < CS {\\V'* ('hp, e + IMh^) , 

for all {u,A) e M%^{co), ( = {^,a) G X^, (' = e K, and 

e G (0,£:o]- Here we abbreviate := T^lu A) ^"C •= (tTm^, 0) and tIuC '■ = 
(7r„^',0,0), where 7r„ is defined by (j^. 



In this paper we prove Proposition only in tlie case p = 2. The proof 
for p > 2 is similar to the proof of an analogous result in |S[ . The details for 
the present case will be carried out elsewhere. 

Lemma 4.3. (i) If dj^A{u) = then 

( 2DD*C + 2e-\LuLlC)''' + (DJ - JD)LuiIj' 

W'*C = ^eV' + [*Fa + 

for C := iC, ^\ e K, where A, := d\dA + e-^LlL^. 
(ii) If dj^A^u) = and fi{u) = then 



2D*Di + e-^L^Lli + e-^JL^LlJ*^ + Q*a 
d*AdAOi + dAd*Aa + + e~'^Q^ 



for C = G Xu, where Q : n°(S,u*TM/G) ^ ^^^(S,gp) denotes the 

zeroth order operator 

:= 2L:D^ - dAi:^ - *dAdfi{u)^ 

= p(e, dAu) - *p{Ji, dAu) + *Llji + \LlN{i, OjAu)). 

Proof. We shall repeatedly use the identities 

d\a = -*dA*a, *dAdA^ = [*FA,'f], 

LI = dn{u)J, dfi{u)Lu^p = -[ij{u),Lp] 
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for a G f2^(S,0p) and ip G VlP{T,,Qp). To prove (i) note that the triple 
(e',<^',^') := V^V^*{i',^',ij') is given by 

e' = D{2D*i' + L^^' + JL^i,') + {L^{2e-^Lli'-dA^'-*dA'4'')f'' 
= 2DD*C + 2e~\LuLlC)'^'^ 

+ DLuif' - {LudAvT' + DJLuip' - {Lu * dAtpT\ 
ip' = e-^Ll{2D*i' + L^^ + JL^^^)-d\{2E-^Lli'~dAV-*dA^) 

= d*AdAV + e-^LlL^^' + 2e-\DL^ - L^dATi' + [*Fa + ^1, 
i)' = e-^di^iu)i2D*^' + Luip' + JLu^') + *dAi2e-^L*J'-dAip'-*dA^p') 
= d\dA^' + e-^LlL^^' - [*Fa + e-^fi{u), 
+ 2e^\LirD*^' + d*A* Ll^'). 

The assertion now follows from the fact that 

J{L^af'' = (L„ * J*^' = - * Ll^', (13) 

for a G fiHS,gp) and f G fi^'^S, m*TM/G), and 

aj,A(n) = ^ DL^ip = (LudA^f^' (14) 

for G r2°(S,0p). The first equation in (0) follows from the fact that 
*a = —a o Jy, for every 1-form a on S (with values in any vector bundle). 
The second equation in (|T^) follows from the first by duality. Equation (|T^ 
follows from the fact that the section {u,A) i— dj^A{u) of the vector bundle 
over B with fibres f2°'^(E, m*TM/G) is ^(P)-equivariant. 

To prove (ii) note that the pair (^, a) := V^*V^{^, a) is given by 

i = 2D\Di + {Uaf'') 

-\- Lu{s^'^L*^^ — d*Aa) + JLu{e~'^dn{u)$, + *dAa) 
= 2D*Di + 2e-'^{LuLli'f'^ + (2D*(L„a)°'i - L^d^a + JL„ * d^a) , 
a = 2s-^Ll{Di + {Luaf'') 

— dA^s^'^Ll^^ — d*^a) — *dA{£^'^dfi{u)^ + *dAa) 
= d\dAa + dAd*Aa + e'^LlLuQ + (2L*D^ - d^-^u^ - *dAd^{u)i) . 

Here we have used the fact that /i(u) = and hence 2L* (L^a)"'^ = L^L^a. 
The formula for the operator Q := 2L*^D — (i^L* — *dAdfi{u) follows by 
computing in local coordinates. □ 
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Proof of Proposition \4 ■ 2^ for p = 2. Let (' := , ip' , := X'^C- Then, by 
Lemma [4.3| , the formula 

is equivalent to 

2D*D^ + e-^LuLli + s-^JLuLlJ*^ + Q*a = 2D*^' + L^ip' + JL^^j', 
d\dAa + dAd\a + e~'^L*^Lua + e^'^Q^ = 2e~^Ll^' - dA^' - *dAip'. 

Take the L^-inner product of the first equation with ^ and of the second 
equation with e'^a. The sum of the resulting identities gives 

WLl^f + WLlJ^f + 2 + \\Luaf + \\dAaf + \\d\af 

= 2{e,DO + 2{e,L^a)-2{a,QO 

+ (^', - (^', LIJO - s'iv', d\a) + e\i;\ *dAa) 
< 3 f + \m\' + 2-' WL^af + 6\\af + \mf 

Here all norms are L^-norms and all inner products are L^-inner products. 

1 1 2 111 1 1 2 m 

Choose 5 > so small that 6 \\a\\ < 4~ for all a. Then 

e-^ ||L*^f + \\LlJ^f + \\D^f + \\Luaf + \\dAaf + ||rf>f 
< 12 U'f + 4e' + Ae' ^'f + 4r ^ \\Q\\l^ Uf 
<12\\V^{^,a)\\l,^^ + 46-' WQWl^ UWl^ ■ 

Now the required estimates follow from the inequalities 

||VAvr„elU^ < c(||V4elU2 + llellL2), 

Wa^l^ < c^imh^ + uh^). 

The first inequality follows from (^) below. In the second inequality the 
constant c' can be chosen as an upper bound for the norms of the linear maps 
over all x G /i~^(0). The third inequality is the L^-estimate for 
the Cauchy-Riemann operator and it follows from the Weitzenbock formula. 
The constant c" is gauge invariant and depends continuously on the pair 
{u, A) with respect to the C^-norm and hence can be chosen independent of 
(m, A) G A4% s('^o)- This proves the proposition in the case p = 2. □ 
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The next lemma expresses the Sobolev inequahties in terms of the e- 
dependent norms. 

Lemma 4.4. For every p > 2 and every Cq > there exists a constant c > 
such that 

llClloo,. < Ce-2/l|CI|l,p,.;(n,A), ||CI|l,oo,. < Ce-^^H Cll 2,p,e;KA) 

for all {u, A) G M% j^{co), ( G Xu, and e G (0, 1). 

Proof. Multiply the metric on S by e^"^. Then the 14^ '^'P- norm of a) with 
respect to the rescaled metric is equal to e^^/^ times the £:)-norm of C, 
and the L°°-norm with respect to the rescaled metric is equal to the (oo,£:)- 
norm. Hence the estimates follows from the Sobolev embedding theorem 
for the rescaled metric. The constant is gauge invariant and it depends 
continuously on u (with respect to the C^-norm) and A (with respect to the 
C°-norm) . By Lemma |2]^, the estimate holds with a uniform constant c. □ 



Lemma 4.5. For every p> 2 and every cq > there exist positive constants 
Eq and c such that 

\KV'C-V'nM\k,p,e < cU\\k,p,e, 



,p,ei 



for every {u,A) G Ml^^{co), ( = (e, «) e X^, (' = {^\^',^') e e e 
(0, 1], and k = 0,1. Here we abbreviate := for e > 0. 

Proof. We prove first that, for every vector field v G Vect(S), there exists a 
constant c = c{p, cq, f ) > such that 

for {u,A) G M%^j^{co), e e fi°(S,M*TM/G) and A; = 0, 1. Here the W^'P- 
norm labelled by A is understood as the (gauge invariant) (l,p, e)-norm for 
e = 1. To prove (^) we choose local holomorphic coordinates s + it on S. 



26 



Thus ^(s,t) G T(u(s,t)M, and Vg, ft, Vyi^^^, and VA,f^ are as in Remark |0 
Write 

where 77,(5, t) G 0. Define Bs{s,t) : ^ Tu{s,t)M and Bt{s,t) : g ^ Tu{s,t)M 
by 

Then 

'^A,sLuV - LuVa,sV = BsTj, Va^iLuTI - LyVA,tri = Btt] 

and hence 

V4,svr„^ - vr„VA,s^ = T^u{Bsr]i + J5s?72 + (Vi,, J + dsJ)Lu^2)- 
Since r/i = {LlLuy^LK^ - 7r„0 and r^s = -{LlLuY^LlJ{^ - vr^O, we have 

This proves (|15D for the local vector field d/ds. For d/dt the proof is anal- 
ogous. Hence the result follows for any linear combination of these vector 
fields supported in the given coordinate chart, and hence for every vector 
field on S. For ^' G n°'^(S, u*TM/G) there are similar inequalities. 
By ([151), there exists a constant c' = c'{p, cq) > such that 

||7r„(VAO°''-(VA,.7r„0°''IL^.p,A < c'U\\wKP,A, 

for {u, A) G M%^^{co), ^ G r]°(S, u*TM/G), and A; = 0, 1. Now the operator 
D = D{u,A) is given by 



and hence 

WtCuD^ - D7lu^\\wk,p^A < c"\\^\\wk,p^A, 

for {u,A) G M%^j^{co), ^ G fi°(S,M*rM/G), and A; = 0, 1. Since 



(16) 



the required estimates for the operator follow from (|T6|). The proof for 
the adjoint operator is analogous. □ 
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In the following we use the notation 

Va,„C := (yA,v^, VA,^a), Va,^^' := (Va,^,^', Va,v'-p', Va,^,^'') 

for V G Vect(S), C = e A;, and C' = (f,<^',V'') e K, where Va 

is the connection on u*TM/G defined by ( |108| ) and Va,!;^ G f2^(S,0p) is 
the covariant derivative induced by the connection A and the Levi-Civita 
connection on S. 

Lemma 4.6. For every p > 2, every Cq > 0, and every equivariant vector 
field V G Vect(S) there exists a constant c > such that 

P^VaX - Va,.2^^CIU,p,. < ce-^m\k+i,p,e. (17) 
\\V'*Va,X -^A,.V'X'\\k,p,e < ce-^ak+i,p,e (18) 

for all {u, A) G M% j^{co), ( G Xu, C e X^, e e (0, 1], and k = 0,1. 
Proof. We compute in local coordinates. Let (' = , ip' , tp') := Then 

C = VA,si + JVA,ti+\N{i,Vs- Jvt) + ]^{JdsJ -dtJ)i + K^ + JL^^Ij, 
^' = X-HVA,sV + VA,ti^)+e-^L*J, (19) 

^' = x-^VA,si^ - VaM + ^~^Mu)C 

Here A = ^ds + ^dt, a = ipds + ipdt, and Vg, Vt, Va.sV', Va,s^, Va,*'/', and 
VA,t^ are as in Remark [4.1| . It suffices to prove the estimate for the local 
operators Va,s and Va,*. Let = {(.i, V^^, V's) be defined by (|T^ with (^, v?, ip) 
replaced by (Va,^^, ^A,sf, '^A,si')- Since Va J = we obtain 

+ ivA,.(iV(e, Vs - Jvt)) - ^Ar(VA,.e, Vs - Jl^t) 

+ ^Va,s((J9,J - dtJ)0 - ^(J9, J - dtJ)VA,si 

- ]j^JiyvJ + dsJ){Luip - JLuip), 
Va,s^' -^'s = (VA,.VA,tV' - VA,tVA,.V') + (5.A-') (Va,sV5 + VA.iV-) 

+ £-V(t^„0 - V2d/i(u)(V.,J + a,J)e, 
Va,s^' - = - (VA,sVA,tV^ + VA,tVA,s</^) + (9,A~2) (Va,sV^ - VA,t¥^) 

-£-V(t;„ JO - ^£-'L:(V.,J + 9,J)e 
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Here we have used Lemma |(J.2| . For the vector field d/ds, multiphed by any 
cutoff function, the estimates and (p!8[) follow from these three identities. 
The proof for d/dt is similar, and so is the proof for the adjoint operator. □ 



Lemma 4.7. Let p > 2 and Cq > 0. Suppose that T>^ := 1^1^^ A) '^^ onto for 
every {u,A) G A^^^l'^o)- Then there exist positive constants Eq and c such 
that the operator := is onto for every {u, A) G A4% e(co) ond every 

e G (0, Sq] and 



1IC'II,+1,,,. < c(5||P-C'll.,,,e+lk„2^^*C'll,,p,.), 

IIC'-vr„Cll,+i,,,, < C£||P-C'||.,,,,, 
forC G and /c = 0,1. 

Proof. By elliptic regularity, there exists a constant Cq > such that 

lleolU. <Co||P" ^oll 
for every {u, A) G ^^^^('^o) and every G iJ^). Hence 

IkuC'lUf < C'o||^^°*7r„C'l|Lf 

< Co||7r„r'^*C'||iP + Co||7r„r'^*C' - I'^VuC'lliP 

< Co\\T[yV'^*C'\\Lv + CqCiIIC' - Vr«C'||o,p,e 

C^CiC2e{\\V'X'\Wp,e+huC\\Lv)^ 



(20) 
(21) 



(22) 



Here ci is the constant of Lemma |4.5| and C2 is the constant of Proposition ^ . 
With CqCiC2S < 1/2 we obtain 



.C'IUp < C3(£||P^*C'l|o,p,.+ ||vr„P^*C'l|Lp), 



(23) 



where C3 := 2C0C1C2. The inequality (^) for A; = now follows from (23) 
and Proposition |4.2| . To prove ( pT]) for /c = we use Proposition [4.2| and (p3D 
again to obtain 

||C'-Vr„C'l|l,p,. < C2e{\\V'*C'\\o,p,e+huC'\\Lv) 

< C2£(l + C3e)||I?^*C'l|o,p,. + C2C3£||7r„D^*C'l|LP 

< C4£p^*C'l|o,p,., 
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where C4 := 02(1 + 2C3). 

Now let V G Vect(S). By definition of tlie £:)-norm and (p!5|), tliere 
exists a constant C5 = C5(f,p, cq) sucli tliat 



0,p,e! 



for (u, v4) G A^^^l'^o)) C ^ ^-iid e G (0,1]. Let = C6(f,p, Cq) be tlie 
constant of Lemma [4.6| . Then, by (pOD with A; = and Lemma |4.6|, we have 



e\\VA,XKp,e < ce{e\\V'*VA,XWe+huV'*VA,X\\L. 

+ ce\\'n^{V'*VA,X - yA,.V'X')\\Lv 

+ Ce\\TXuVA,vV'*C,' - ^A,v'nuV'*C'\\Lv + Ce\\VA,,TXuV'*C'\\Lv 

< 2CC5 (£p^*C'||l,p,e + huV'X'\\l;p,e) + 2cC6||C'lkp,. 

< 2c(c5 + cce) (£||P^*C'l|i,p,. + ||vr„P^*C'l|i,p,.) • 

The last inequality follows again from ( PD| ) with A; = 0. The estimate (3D) 
for k = 1 now follows by taking the sum over finitely many suitably chosen 
vector fields v. 

To prove (pT]) for A; = 1 we observe that 'n.uT>^*'T^uC = T>^*7TuC and choose 
C7 such that ||vr„CI|i,p,e < C7||C||i,p,£ for every ( G A!^. Let Cs be the constant 
of Lemma O. Then, by ( pOD with k = 1 and Lemma |^75| , we have 

||C'-^nC'l|2,p,e < c{e\\V'*X' - rfuC)\\l,P,e + \KV'*X' - ^uC)\\l,P,e) 



< cei\\V^X'h,p,e+\KV^X'h,_ 
+ ce\\V'*n^C-T^uV'X'\\i,p, 



p,e 



< C(l + Cr)e\\V'X'hp,e + CC8£||C'||l,p,e + ccsWC - 7r„C'||l,p,. 

< C9£||I?^*C'l|l,p,.. 

The last inequality follows from (|20|) and (^) with A; = 0. □ 

Lemma 4.8. Let p > 2 and Cq > 0. Suppose that T>^ := T^^{u a) ^'^ onto /or 

every {u,A) G ^^^^^(co). T/ien there exist positive constants c and Eq such 
that 

P^*C1l.+i,,,, < c[e\\v^v^x\,,,s + \Kv^'i^^x\,,),m 

IIP-C' - vr.„I?-ClL+i,,,e < ce WV^V^XX,,,, (25) 
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for every (u, A) e M^ ^^ico), C E X^^, e E (0, Eq], and A; = 0, 1. 
Proof. The proof has nine steps. 

Step 1. Let q > 1 such that 1/p + 1/q — 1. Then there exists a constant 
Co > such that 

UoWl. + UoWl. < Co UoWl^ , \\Q\l. < Co P'*eo\\L. 

for every {u, A) E A^b,s(<^o); every G ker and every G Hy). 

These are standard estimates for elhptic pdes. The first estimate uses 
regularity for the operator V^, the Sobolev embedding W^'"^ ^ L^, and the 
Holder inequality. The second estimate uses regularity for V^* and the 
fact that T>^* is injective. 

Step 2. There exists a constant Ci > such that 



LI 



for every {u,A) E M.%^y^{co) and every E Q°'^(E,ifu). 

Let ^1, . . . ,irn be an L^-orthonormal basis of kerD°. Given choose ^ E 
L«(E, Hy) such that 



I LP 



llell 



Li 



1. 



Let e iy^'«(S, A°'iT*S ® be the unique section such that 



Then 



I LP 



m 



i=i 

m 



LI 



|pO*^//| 



L9 



< 



< 



1 + EII^^-IIlpII^.IIl. 



ll^°*e^1lL. 



mco ) 



||po*^//| 



L9 
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Step 3. There exists a constant C2 > such that 

for every {u,A) G M.%Y;i^o), every (' G A"^, and every e G (0, 1]. 
For every G Hy) we have 

II^oIIl"? 



11-^ soIIl'j 

Here the last inequahty follows from Step 1. Now, by Step 2, 

€,',7^0 11^ ^oIIl-j 
< (1 + ci) \\V'\yC - tTuV'X'Wl. + coci \\V%uV'*C\\^^ . 

Step 4. There exist positive constants eo and C3 such that 

for every {u,A) G A^^e('^o); ei'er?/ (' G A"^, anc/ ever?/ e G (0,£o]- 

We apply Lemma ^4.5| to both operators and P^*. Then, by Step 3, 



< c,[c lie - vr.C'llo,p,. + c \\V^*C - vr„I)-C'llo,p,. 



+ ||7r„P^P^*Cll 



LP 



< C,(^e\\V^X'\\o,p,e + ^\\'^''^'*C'\\o,p,e+\KV^'^'*C\\ 



LP 
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The last inequality follows from Lemma and Proposition O 
Step 5. We prove (^[j for k = 0. 
By Proposition and Step 4, 



II LP 



+ C3||7r„P^P^*C II LP 



for all {u,A) e M% j^{co) and C' e Af;^ and e G (0,£:o]- With ccsE < 1/2 we 
obtain (El) for A; = 6. 



Step 6. We prove ( ^^ ) for k = 0. 
By Proposition |4.2| and Step 4, 



IIlp 



< C£(C3£ \\V'*C\\o,p,e + (1 + Cs)^ P^2^^*C'I 



0,p,e 



+ C3\\7ruV'V'*C\\^, 



Here the last inequality follows from Step 5. 

Step 7. There exist positive constants Eq and Cg such that 



e\\[7:J)'V'*,VaAC'\\lv < Ce{E\\V'V'X'\Wp,e + \KV'V'*C\\l. + \\C\\l,p,s) 

for every {u,A) G A^be('^o)j every (' G X^, and every e G (0,£o]- 



The first estimate follows immediately from Lemma |4.6| . To prove the second 
estimate, recall from Lemma that 



where D : n\J:,u*TM/G) u*TM/G) is the Cauchy-Riemann 

operator defined by (|109|) and R := {DJ — JD)Lu is a zeroth order operator 
(Lemma |B.5|) . Hence 
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By (JT^) in the proof of Lemma O, the commutator [vr^, DD*] is a first order 
operator in Hence there exists a constant c^ = cj{p, Cq) such that 

||V4*V4vr„rilL. < Cj {\KV'V'*C\\Lv+e''\\C\\i,p,e) 



Moreover, by Lemma 



< C8e-^\\V'*C\ 



p,£ 



< C9 {\\V'V'*C\\o,p,e + e~'\\7ruW'*C\\o,p,e) . 
The last inequahty follows from Step 5. Now the commutator 

is a second order operator in ^' and a zeroth order operator in Hence the 
assertion follows from the last two inequalities. 

Step 8. We prove for k = 1. 

Let Cio be the constant in for k = and Cn be the constant of Lemma ^ 
Then, for every v G Vect(S), we have 

e\\WA,vV'X'\\l,p,e 

< e\\V'*VA,X\\l,p,e + s\\Va,.V'*C - 'D'*VA,X\\l,p,e 

< Cioe^V'V'*VA,vC\\o,p,e + CioEhuV'V'*VA,vC\\Lr' + Cu\\C\\2,p,e 



I LP 



< cioe'\\VA,vV'V'\'\\o^p^, + cioe\\VA,v7ruW'\ 

+ Cioe'll [V'V*, Va,.]C'||o,p,. + Cio^ll [tTuVV*, V4,.]C'||lp + Cii ||C'||2,p,. 

< CioE^\\VA,,V'V'*C\\o,p,e + c,oe\\VA,,7ruV^'V^'*C\\LP 

+ cecio ie\\V'V'*C\\o,p,e + \KV'V'*C\\lp) + (2c6Cio + Cn)||C'||2,p,. 

< Ci2 (£||P^P^*C'l|l,P,e + ||7r„I?^P^*Cl|l,p,e) . 



The penultimate inequality follows from Step 7, and the last step from (20) 
and (p^ ) and the definition of the 5)-norm. Now (|2^ ) for k = 1 follows 
by taking the sum over finitely many vector fields v G Vect(S). 

Step 9. We prove for k = 1. 

By Step 8, suppose that ( |2lD holds with k = 1 and c = C13, choose C14 such 
that llTTu^lli^p^e < Ci4||C||i,p,£ for every ( G X^, and let C15 be the constant of 
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Lemma 14.51 Then 



\V'*C -TruV'*C\\2,p,e < ci3e\\V%V'*C-7ruV'*C)\\i 



< Ci3£ i\\V'V'*C\\,,p,e + \KV'V'*C\\,, 

+ Crs6\\V'n^V'*C - iT^V'V'*C\\,^p^, 
+ Crs\\i7ruV'-V\u)V'*C\\i,p,e 

< il + Cu)cr3e\\V'V'*C\\i,p,e 

+ C15C13 ie\\V'*C'h,p,e + P'*C' - vr.P^*C'||i,p,. 

< CiGe\\V'V'*C\\l,p,e- 



The last inequahty follows from Steps 5 and 6. 



□ 



5 Quadratic estimates 

Fix p > 2, Co > and {u, A) G A^^ e('^o)) and consider the map 



given by 



J' — J' («,A) • ^« ^« 



P(0(^J,A+a(exp„(0)) 

T\i,a)=\ e-'L:^-d\a |. (26) 
,£-V(exp„(0) + *Fa+o 



Here p(^) : Texp^(5)M — T„M denotes parallel transport along the geodesic 
r I— > exp^(r^) with respect to the Hermitian connection V := V — \ J on 
TM. The differential of JF^ at zero is given by 

Let JF? denote the zth component of T'^. Since JF| is a linear map, the 
following proposition only deals with the first and third components of T'^. 

Proposition 5.1. For every p > 2 and every cq > there^exists a constant 
c > such that the following holds for every {u,A) G Ai%Y.{co), any two 

pairs C = ct); C = Oi) G Xu, and every e G (0, 1]. 
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(i) //llelUoc + lieiU- <1 then 

||j-f(C + C)--^f(C)-^^i^(C)CIU. 

< cmL^[\\i\\LP + w^Aihp + Mlp 

+ c\\i\\l^[\\WA^\\LP + IMlp + IIVa^IIlp + Mlp)- 



+ ||tt||LP + 



a II LP < e^^P-^ then 



If, in addition, ||V4^||lp + ||V4^||lp 

||^KC + C)-^KC)-rf-^i^(C)CllL. 

< cllelU- (^^"'llelU^' + W^a^Wlp + Mlp). 
iii) IfmL^ + mL^<lthen 

mic + - ^i(c) - dj^iiochp < c(iidiiL^iidiu. + ^-'iieiu^ iieiu. ) . 

(iii) // II^IIloo < 1 then 

Wdj^ticK - dj^mcwip < c|ieiiL-(iieiu. + iiy4eiUp + ii«iiL. 

+ cII^IIl- (II^Ilp + II Va^Ilp + ||a|Up 

(iv) //II^IIl- < 1 then 



\dmK-dm)c\\LP<c{s-'uhpmL^ 



The estimates in Proposition 5.1 differ from the ones in 



in that the 

first derivatives of ^ appear on the right hand sides of the inequahties. This 
is because the nonhnearities in the Cauchy-Riemann equations appear in the 
first order terms whereas the nonlinearities in the anti-self-duality equations 
only appear in the zeroth order terms. In our equations the nonlinear terms 
involving a are of zeroth order. Hence no derivatives of a appear in the 
quadratic estimates. This is crucial for our adiabatic limit argument. 



Proof of Proposition \5. 1\ . In local holomorphic coordinates s + it on S the 
map JF^ is given by 
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where := exp„(^), ( := {^,ip,ip) and a := ipds + ipdt. Suppose that 
ll^ll^^oc < 1- The second derivatives of J-'l and JF| satisfy the following point- 
wise estimates for suitable constants ci = ci{u, A,Vs,Vt) and C2 = C2{u) (i.e. 
C2 does not depend on the derivatives of u)\ 

\<f:Fi{(){CiX2)\ < ci((i + |«| + |VAei)l6ll6l 

+ l^il (|Va6| + |a2|) + 161 (|Va6| + (27) 



M'^l(C)(Ci,C2)| < C2(|ai||«2|+e-'|ei||6l). (28) 

The estimate (^) is obvious and ( ^71) will be proved below. Now consider 
the identities 

^^(C + C)--^^(C)-^-^^(C)C = Al-r)rf2^^(C + rC)(C,C)rfr (29) 

^0 

driOC-dJ^^m = [ d'j^'irOiCOdr. (30) 

Jo 

To prove assertions (i) and (ii) replace {(, Ci, C2) by {( + r(, (, () in (pTf ) 
and (|28|) , insert the resulting inequalities in (^Of), and integrate over S. More- 
over, to derive the second assertion in (i) from the first we use the inequality 
< c(£"^||^||lp + ||Va^||lp) of Lemma |4^. To prove assertions (iii) 
and (iv) replace (C,Ci;C2) by {r(,(X) i^i (P^ ) and (^), insert the resulting 
inequalities in (0), and integrate over S. 

To prove (^) we give an explicit formula for the second derivative of J-'f 
in local coordinates on M: 

c^'^i(C)(Ci,C2) = d'p{0{^^,^2)H+{dp{0^2)H^ + (cip(06)^^2 + p(0^i2 

Here Ej := Ej{u,^) for j = 1,2 (see Appendix |CD, and H, Hi, H2 and H12 
are defined as follows. The section H = H{() is given by 

H = Ei{vs + X^{u)) + E2{Va,s^ + V^X^{u)) 

+J{u^) {Ei{vt + X^{u)) + E2{yA,ti + V5X^(m))). 

Now we use the following notation for i = 1,2: 

dEi{v,w) := {d2Ei{u,^)v)w, 

d'^Ei{vi,V2,w) := ((9292^i(u,0(^^l5^^2))w- 
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The section Hj = Hj{(; Q) is linear in (j and is defined by 

Hj = dE, (e,-, V, + X^{u)) + E^X^^ {u) + dE^ (e,-, Va,^^ + Vi^X^iu)) 

+ {dJ{u^)E2^^ {E^{vt + X.^{u)) + ^2(^4,^^ + V^^V'l^))) 

+ EiX^^ {u) + ^2 (V^.t^i + V5,^^(m) + V^X^^ (m))) . 
The section H12 = Hi2{(; Ci, C2) is biUnear in d and (2, and is defined by 

H,2 = ^'E,{d,^2,Vs + X^{u)) + ^E^{^2,X^^{u)) + ^E^{d,X^,^iu)) 
+ E2 m,X^, (u) + V^.X^, (u)) + d^E2 (^1, 6, V4,,e + V5X^(m)) 
+ dE2 (6, VA,.ei + VaX^(M) + V^X^, (u)) 
+ 9^2 (6, V4,.6 + V52X^(m) + V^X^,{u)) 

+ (rfVK)(E26, ^26)) (^1 {vt + X^u)) + E2 {VA,t^ + V5X^(n))) 
+ {dJ{u^)dE2{^u^2)) [e, {vt + X4u)) + E2 {Va4 + V5^v(^))) 
+ {dJ{u^)E2^i) {dE,{^2, Vt + X^u)) + dE2 (6, + VcX^(m)) 

+ EiX^,{u) + E2 (VA,t6 + + VgX^2(M))) 

+ {dJ{u^)E2^2) (5^1(^1, Vt + X^u)) + dE2{^i, Va4 + VcX^(m)) 

+ EiX^,{u) + E2 (VA,t6 + ^^X4u) + VgX^,(u))) 

+ J{u^)(d^E, {^^,^2,Vt + X4u)) 

+ dE,{^2, X^,(n)) + dE,{d,X^,{u)) 

+ 52^2(^1, 6, V^.t^ + V^x^H) 

+ dE2 (6, VA,t6 + V5iX^(?i) + V5X^,(m)) 
+ dE2 (^1, VA,t6 + ^2Xi,iu) + ^X^,{u)) 

+ E2m,X^,{u) + ^,X^,{u)))- 

The inequahties (|27|) and ( ]28|) now follow by a term by term inspection of 
H, Hi, H2, and H12, assuming < 1. □ 
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Proposition 5.2. For every p > 2 and every Cq > therejixists a constants 
c > such that the following holds for every {u,A) G A^bs(co), any two 
pairs C = tt), C = Q^) ^ '^u, o,nd every e G (0, 1]. 

(i) // II^IUoc + ll^lUoc < 1 and ||C||i,p,e + \\C\\i,p,e < e^l^ then 

ii^^(c + - -^^(c) - c^.F^(c)ciio,p,. < ce-^-^/iiciiL,.. 

(ii) // + llelUoo < 1 and ||C||2,p,. + ||CI|2,p,e < ^'/^ t/^en 

||.F^(C + - ^^(C) - dT^QlW,,,, < ce-'-'/n\C\\lp,s- 

(iii) // II^IIloo < 1 then 

(iv) // llelU- < 1 and ||C||i,p,e < ^'/^ i/^en 

\\dJ^%CK - ^•^'(0)Cl|l,P,. < Ce-^-'/^||CI|2,p,e||CI|2,p,e. 



Proof. Assertions (i) and (iii) follow immediately from Proposition 5A. To 
prove (ii) we observe that in estimating the quadratic terms in dJ-'l we en- 
counter products of the folfowing forms 

• ■ ^ ■ ^ 9(f ■ ^ ■ ^. Here the L^-norms of d^C, and dip can be 
estimated by e^/p-s g^^^ ^j^g L°°-norm of ^ • ^ by £"'^^^||Clli,p,e- 

• ^ ■ <9^ ■ di,, ^ ■ i ■ d'^C,, ^ ■ ■ if, and C, ■ d0 ■ ^. The L^-norms of these 



products can be estimated by e ^ 



• dC, ■ di, ■ i,, (p ■ dC, ■ C,, and ■ ■ i,. In these cases the L^-norm of is 
bounded by and the L°°-norms of (9^ ■ ^ and <^ ■ ^ are bounded 

by^-^-^/1ICIIi,p,.IICIl2,p,.. 

Similarly, in estimating the quadratic terms in we encounter products 
of the following forms 



e "^C, ■ and 80 ■ if). The L-'^-norms of these products can be estimated 

e~'^d^ Here the L^-norm of bounded by e^/^"^ and the L°°-norm 
of e-^i ■ i is bounded by e-^-'^/P\\C\\lp^^. 

39 



This proves (ii). The proof of (iv) is similar. □ 



Assertions (i) and (iii) in Proposition |5.2| are weaker than Proposition |5]l 



in the former the first derivatives of a appear on the right hand sides of the 



estimates. The full strength of Proposition 5.1 will be required in the proof 



of Theorem 3.2 below. 



6 Proof of Theorem B 

/^From now on we assume (HI) and (H4). In this section we establish the 

existence of a ^(P)-equivariant map : A^^^l^o) ~^ s ^^^^ satisfies 
the requirements of Theorem B. 

Theorem 6.1. For every Cq > and every p > 2 there exist positive cons- 
tants Sq and c such that for every e G (0, Eq] the following holds. For every 
{uq, Aq) e A^b,e('^o) there exists a unique pair Q = {C,£,air) G such that 

{u„ A,) := (exp„^,(e.), Ao + a,) E M%^, (31) 
-dXa, + e-^Ll^^, = 0, C. e im (Pf.,^))*, (32) 

IIC.Ikp,.;(„o,Ao) < <^'- (33) 
The map {uq^Aq) ^ (u^,^^) is Q{P)-equivariant and will be denoted by . 

The next theorem shows that uniqueness holds under a slightly weaker 
hypothesis, namely in a larger neighbourhood of {u,A). 

Theorem 6.2. For every cq > and every p > 2 there exist positive cons- 
tants 6 and Eq such that for every e G (0, Eq] the following holds. Suppose 
that (mo,^o) e -^B,s(co) and (^, a) G A'^^ satisfy and 

m\i,r>,e + ^ + e^'' «)|L,, < 6e'/^^''\ (34) 

Then (exp„^(0, Ao + a) = f'{u, A). 
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Corollary 6.3. For every Cq > and every p > 2 there exist positive cons- 
tants 6 and Eq such that for every e G (0, Eq] the following holds. Suppose 
that {uo,Ao) G M%Y.{co) and ( = a) G satisfy and 



K.e;u.,M)<^^"'''''- (35) 
Then (exp„„(0, A^ + a) = f'{u, A). 

Proof. Theorem B]2| and Lemma E]^. □ 



Proof of Theorem \6.J\ . The proof is similar to that of Theorem 5.1 in [ pS2|| . 
However, in the present case the nonlinearities (in the quadratic estimates) 
appear in the highest order terms, and we establish estimates for the (2,p, e)- 



norms and not just the (l,p, £:)-norms (as in ||DS2|| ). We assume throughout 
that the exponential map at each point in /i~^(0) is defined in a ball of radius 
one. 

Abbreviate := 'DfuoAo) ■ '^"o Ko be defined by (|6D. 

Then 

Hence, by Lemma there exists a constant Cq > 0, depending only on cq 
and p, such that 

WJ^'m,^^^^ = e + WdAo * FA,h, < Cos. 

We use Newton iteration to obtain a zero of JF^, and hence a solution of (^. 
Let (i, = ay) G be the sequence defined recursively by Co and 

Ui:=C. + L LeimV'*, V%, = -J^%Q. (36) 

We prove by induction over i> that there exist positive constants eo,Ci,C, 
depending only on cq and p, such that 

||CI|2,p,. < C,\\T%Cu)\\l,p,e, (37) 

\\Cu\kp,e < 2~''Coc,e^ (38) 
||^^(C.+i)l|i,p,e < Ce'-'/qa2,p,s (39) 

for e G (0, Eo] and u > 0. The constants are chosen such that the linear 
estimates of Lemma hold for < £ < £o with c = Ci > 1, the quadratic 
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estimates of Proposition ^ hold for < e < 1 with c = C2 > 1, the L°° 
estimates of Lemma |4.4| hold for < £ < 1 with c = Cqo > 1, and 

C = 3C0C1C2, CciSq < 1/2, SCqCiCoo^o — 1- 

For z/ = the estimates (^7]) and (|38| ) follow from Lemma Namely, 
by (^) with = 1, we have 

The estimate (|39|) for z/ = follows from the identity (iJF^(O)Co = — ^"^(0) 
and Proposition (ii). Namely, since CqCiCooS^^"^'^^ < 1 we have 

||Co||2,p,. < Coc^e^ < e^l", l|Co||oo,e < Cocicooe'-'/^ < L 

Hence the hypotheses of Proposition |5.2| (ii) are satisfied with C = and 
C = Co, and hence 



l-^^(Ci)lli,p,. = ||^^(Co)--^^(o)-rf^^(o)Co||i 



p,£ 



\2,p,e 

< CoCiC2£^^'/^||Co||2,p,e. 

Since C > C0C1C2 this proves for = 0. Now assume that the sequences 
(0, . . . ,(u and Co, • • • , Cu-i have been constructed up to some integer u > 1 
and that the estimates ( |T7| - |55D have been established for all integers up to 
Then, by (|8D, 

v-l 

||C.|l2,p,. < E IIO+l - QWe = Yl IIOIl2,P,. < 2CoCl5^ (40) 
j=0 i=0 

and hence 

IIC.IL,. < 2CoCiCoo£'-'/^ < 1. 

This shows that C,u{p) lies in the domain of the exponential map at uo{p) for 
every p E P and so Ci^ lies in the domain of J-"^. Let C^ and Cv+i be defined 



by (|36D. Then, by Lemma ^l8| , Ci/ satisfies the estimate ([37|). To prove (^ 
we observe that, by the induction hypothesis. 



IICi'lh.p.E < Ci||jF^(Ci/)||l,p,e 

-l||2,p,£ 



< 2-lC.- 



1 \\2,p,e 
2 
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To prove we observe that, by (^) 



\\Cu\\oo,e + \\Cu\\oo,e < 3CoCiCoo£2-2/p < 



Thus the hypotheses of Proposition |5.2| (ii) and (iv) are satisfied with C = 
and ( = (u- Hence 

||^^(C.+l)l|l,p,e < ||-^^(C. + 6) - ^'(C) - dJ'%QUl,P,s 
+ \\dJ^%(,)(,-dJ^%0)(,\\l,p,s 

< C2e-^-^/^(||C.||2,p,.+ ||C||2,p,s)i|C.i|2,p,. 

< 3CoC,C2e''^/^\\C42,p,e 

= Ce'-'/qa2,p,e. 

This completes the induction. 

By (pSD, the sequence is Cauchy in the ly^'^-norm. Moreover, by 
examining the second component of J-"^ we find that satisfies (^) for 
every u and hence so does its hmit 

Ce ■= &,ae) := lim 

By (^, this hmit also satisfies (^) with c := 2CoCi. Moreover, by ( pS]) 
and (p9|), the sequence J-''^{(u) converges to zero in the £:)-norm and 
hence ^^^(Ce) = 0. Hence Ce satisfies (|3l|) and it follows from elliptic regularity 
that Ce is smooth. This proves existence. 

We prove uniqueness. Suppose ( = (^, a) G satisfies (|3T|) , (^), and 
||C||i,p,e < ce^. Then, by Lemma ^]8| and Proposition ^]2| (i) and (iii), 

||C-Ce||l,p,e < Ci||I?^(C-Ce)||0,p,e 

< Cill^^(C) - -F^(Ce) - rf^^(Ce)(C - Ce)||0,p,e 
+ C^\\dJ^%0)i( - Ce) - rf^^(Ce)(C - Ce)||0,p,e 

< C,C2e-'~'/^{\\C - Ce||l,p,e + ||Ce||l,p,e) ||C " Celkp,e 

< 3cCiC2£^-'/P||C-Ce||l,p,e. 

If 3cciC2£:^~^''^ < 1 then C = Ce- This proves uniqueness. 

Since the conditions (|3T|), (|32D, and (^) are gauge invariant, it follows 
that the map {u,A) {ue,Ae) is ^(P)-equivariant. □ 
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Proof of Theorem |6'. ^ . In this proof we drop the subscript 0. Fix two pairs 
{u,A) G M% j^{co) and C = a) G ^« that satisfy (H), (H), and 



We prove that ^ satisfies (|33|), provided that 5 and e are sufficiently small. 
By ellipticity of the operator := T)^^^^, there exists a constant ci = 
ci(p, Co) > such that 

||VAvr„e||LP < ci (llPVeliLP + \K^\\lp) . 

Now let C2 = C2(p, Co) be the constant of Lemma and C3 = C3(p, Co) be the 
constant of Proposition |4.2|. Then 



IIVa^IIlp < £"ie-7r„el|i,p,e+ ||VA7r„e||LP 

< e^^ll^ - Vr„^||l,p,e + Ci {\\V°TTu^\\lp + \\-Ku^\\lp) 

+ ci (II (PV - vr„P^)^||Lp + IKV'CWlv + IK^Wlp) 

< {e^^ + CiC2)||^ - vru^||i,p,£ + ci (Utt^P^CIIlp + Ikw^lUp) 

< C4(||I?^CI|0,p,.+ ||el|Lp), 

where C4 := C3(l + C1C2) + Ci. Hence 

||V4e|Up + ||«||lp < C4||I?^Cl|0,p,. + C4||elUp+£"1C-7r„CI|l,p,. 

< (c4 + C5)||P"CI|o,p,. + C4||el|LP, 

where C5 = c^i^p, cq) is the constant of Lemma ^l8| . Since 

^^(C) = 0, ^^(0) = (0, 0, *Fa), V' = rf^^(O) 

we obtain 

IIVaCIUp + 1I«1Up < c6||^^(C)-^^(o)-rf^^(o)C||o,p,. 

+ C6£i|FA|Up+C4||e|Up, (41) 

where Cg := C4 + C5. Now we use the refined quadratic estimate of Proposi- 
tion ^]l| with c = C7. By (|3^), we have 



|V4el|LP + ||«||LP<fe'/^-'/'<e'/^~' 
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(provided that S < 1). Thus the hypotheses of Proposition ^]T| (i) and (ii) 
are satisfied with C = and ( replaced by (. Hence, by (PD, 

W^a^Wlp + Mlp < CeCTllelU- {e-'U\\LP + \\Va^\\lp + Mlp) 

+ cee\\FA\\LP + C4U\\LP 

+ Cg£\\Fa\\lp + CaUWlp 

+ coC(ie + C4||^||lp 
< ^cec-rSe'/^ [wVa^lp + IMlp) 
+ cocee + C4fc2/P+^/^ + SceCjS^e^/P. 

Here the last two inequalities follow from (0). With ScgCyfe^/^ < 1/2 we 
have 

II V4eilL. + ||«||l. < cs{S + e'-'/ne'/^, (42) 



where Cg := 2coCq + 2c4 + QcqCt. Since ( satisfies (^) we can apply Lemma ^ 
(with c = C5) to obtain 

l,p,e < C5{e\\VX\\LP + \KV%\\Lp) 

< C5 (2||d^f (O)CIU. + s'WdJ^mCWLp) ■ (43) 



By Proposition |5.1| (i) with c = C7 and (0), we now have 

\mm\\LP = \\m) - - dj^mchp 

< C7||elU-(||el|LP + ||VAe||LP + ||«|Up 

+ c7||eilioo(||V4eiUp + ||«||lp) 

< 2c7||e||L-(||e||LP + ||V4e||LP + ||a||LP^ 

< 2C7IICII00,. {5e'/^^'/' + cs{5 + e'-'^ns'/^) 

< c,{6 + e'-'/n\\Chp,e. 
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Here we have used the fact that H^Hloo < < 1. Moreover, the penul- 

timate inequahty follows from (|3^ and (^2]) and the last inequality, with 
a suitable constant cg = cg{p,co), follows from Lemma |4.4 By Proposi- 
tion (ii) with c = cy, we have 

Wdj^mch. < 11^1(0) -^i(c)-rf^i(o)ciu. + iiF^iu. 

< C7 (||a||L°°||a||LP + \\Fa\\lp 

< 2cr {s-'Mlp + e~^U\\Lp) \\C\\oc,e + \\Fa\\lp 

< 2cr6e'/Pe''/'\\C\\oo,s + \\FA\\LP 

< c,o6e-^/^\\C\\i,p,s+\\FA\\LP- 



Here the penultimate inequality follows from (jSJ) and the last follows from 
Lemma [4.4| . Combining these two estimates with (|43| ) we obtain 

||CI|i,p,. < C5 {2cg{6 + e'~'/n + CloSe'/') ||C||i,,,, + C5e^||F^|U.. 
If 6 and e are sufficiently small, we obtain 

||CI|i,p,e < 2c5e^FA\\Lp < 2coc^e\ 
Hence the result follows from the uniqueness argument at the end of the 



proof of Theorem |6.1| . □ 



Corollary |6.3| has a slightly stronger hypothesis than Theorem p.2| , how- 
ever, it does not seem to have a simpler proof. In order to significantly 
simplify the proof we would have to further strengthen the hypthesis and 
assume 



I l;p,e 

with a small constant 5 (instead of HCIIipe ^ 5e'^/^^^^'^ as in Corollary |6.3|) . 
Under this hypothesis uniqueness can be established with the same straight 



forward argument that is used at the end of the proof of Theorem 6.1. How- 



ever, such a weaker result just fails to suffice for the proof of Theorem D. 



Namely, in Section we shall establish an inequality of the form 

under the hypotheses of Theorem D. In this inequality the constant c is not 
small and so the argument in the proof of Theorem |6.1| does not suffice to 
give uniqueness. However, if e is chosen so small that ce^^^ < 5 then we can 
use Corollary to obtain uniqueness. 
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7 Relative Coulomb gauge 



This section is of preparatory nature. We prove a local slice theorem for 
the action of the gauge group G = g{P) on B = C^{P,M) x A{P). The 
infinitesimal action is the operator d(^u,A) '■ qp) T(^u,a)B given by 

Denote by d*uA) formal adjoint with respect to the e-inner product, i.e. 

for a) G T(^u,A)B. The next proposition restates the local shce theorem for 
the ^-action on B with e-dependent norms for elements (mq, ^o) of the moduli 
space A4%Y:- The result continues to hold for every element {uo,Aq) G B 
with fi{uo) = 0. However, in this generality, more care must be taken in 
determining the norm on B with respect to which the constants c and S 
depend continuously on {uo,Aq). In the case of J-holomorphic curves the 
VT^'P-norm controls all higher derivatives and therefore the choice of the 
norm is immaterial. 

Proposition 7.1. Assume {HI). For every p > 2 and every cq > there 
exist positive constants 5 and c such that for every e G (0, 1] the following 
holds. Let (mq, ^o) ^ -^s s('^o) (^i^d ( = (^, a) G T(^uo,Ao)^ ^^^^ ^^^^ 



l,p,e;{Mo.^o) 



< (44) 



Denote {u,A) := (exp^^^ (,^) , + a). Then there exist a unique pair Co 
(■Co) c^o) £ ^{uo,Ao)'S a unique section rjo G fi°(S,0p) such that 



1 



^(«o,Ao)^o = 0, g*{u, A) = (exp„,,(^o), + "o), 9 ■= e'' 
and 

||^o||2,p,£;Ao + IICo|li,p,e;(„o,Ao) - \\C\\l,p,s;{uo,Ao) ' ^'^^) 

Proposition |7[T| can be understood as a quantitative version of the implicit 
function theorem with e-dependent norms and constants independent of e. 
As in the case of Theorem |6.1| we shall prove it with a Newton type iteration. 



The relevant linear estimates are established in Lemma 17.21 below, and the 



quadratic estimate in Lemma 7.3 
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Lemma 7.2. For every p > 2 and every Cq > there^exists a constant 
c > such that the following holds for every {uq, Aq) G s('^o) f^^f^ every 
e G (0, 1], For every ( = {^,a) G W^^p{E,u*oTM/G) ®T*E(^qp) there exists 
a unique rj G W'^'P{T,, Qp) such that 



Moreover, r) satisfies the estimates 



(46) 



< c 

\l,p,£ — 



0,p,e ' 



\v\\2,p,e < C 



"(«o,Ao)'^ 



LP 



(47) 



Lemma 7.3. For every p > 2 and every cq > there existjpositive constants 
S andc such that the following holds for every {uq^Aq) G o,nd every 

e G (0,1]. Assume that Co — {Co,Oio) G T(^uo,Ao)^ and t) G Q°(E,gp) satisfy 
the inequality 



Then there exists a unique pair Ci = (Ci,tti) G T(^uo,Ao)^ ^^^^ ^^^^ 

(exp„o(6), ^0 + ai) = g*{exp^^{^o),Ao + ao), 
where g :— and 

IICl - Co|lo,p,e < C llr^lli^p^^ , IICl - Co||i,p,, < C \\v\\2,p,e " 

Moreover; 



^(uo,Ao) (Cl - Co - d^uo,Ao)V) 



< ce 



-2/p 



LP 



(\\Co\\l,p,e 



\m 



(48) 
(49) 
(50) 



2,p,£ I ll^lll,p,£ • 



(51) 



Lemma 7.4. For every p > 2 and every cq > there existjpositive constant 
S and c such that the following holds for every {uq, Aq) G A4% s('^o) (ind every 
e G (0, 1]. Ifr]i,r]2 G fl^(T,,gp) satisfy \\rii\\]^^ < S and \\r]2\\i^o^ < S then there 
exists a unique element rj G VL^iJl^Qp) such that 

Moreover, r) satisfies the estimate 

C"' \\v\\2,p,e;Ao < WVl + V2\\2,p,e;Ao < ^ \\v\\2,p,e;Ao ■ 
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Proof. For a fixed connection Aq and e = 1 the result is obvious. Choose 
Ci, C2, C3 such that 



Cfc < WVl + ?72|lH/fc.P < Cfe \\7]\ 



for = 1,2,3, whenever r]i,ri2,r] are sufficiently small in the C°-norm and 
satisfy = e^^e^^. Here the W'^'^ norms are understood with respect to the 
connection Ao- It follows that 



£ WdAoiVl + V2)\\lp < ^Cl iWdAoVhp + WvWlp) < Cl WI\\l,p,e;Ao 

and hence 

11^1 +^2|li,p,,;Ao ^ (CO + Cl) \\v\\l,p,e;Ao 

for < e < 1. The other three inequalities follow by similar arguments. 
This proves the lemma for a fixed connection Aq. Moreover, the cons- 
tant c depends continuously on Aq with respect to the C^-norm, and is 
gauge invariant (with respect to the action of Q on fi°(S,gp) by conjuga- 
tion). Hence, by Lemma |2^ , it can be chosen independent of Aq as long as 
{uq,Aq) G A^b,e(co) for some Uq. □ 

Proof of Lemma [TJ. The operator c?*^^^^^)Ci(„„,Ao) : W^'P{J:, Qp) ^ gp) 
is given by 

(^luo,AoAuo,Ao)V = £^dXdAoV + Llo^uoV- 

By our standing hypotheses, /i~^(0) is compact and : g T^M is injective 
for every x G /i~^(0). Hence there exists a constant ci > such that 

I??! < \LxV\z ^ ci |?7| (52) 

for every x G /i^^(O), every G g, and every 2; G S. (Here | ■ denotes 
the metric on M induced by Jz and u.) Hence the operator d*^l^^ ^q)C?(«o,Ao) is 
injective and hence, by elliptic regularity, it is bijective. 

Next we prove that there exists a constant C2 = C2(p, cq) > such that, 
for every pair (%, Aq) G 2(^0); every 77 G fi°(S, gp), and every e G (0, 1], 
we have 

IMao^IIlp < ^ II^Ao^Ao^llip + C2e~^ . (53) 
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For a fixed connection Aq G A{P) this follows directly from the interpolation 
inequality in [ pT| , Theorem 7.27] and the L^-estimate for the operator d^^d^g. 
Now the identity 

d^dAV - d*AodAoV = [A - Aq A dAoV] + - ^o) ^ dAoV] 

- * [dAo * {A- Ao),v] + *[*{A- Ao) A [A-Ao,T]]] 

shows that the constant in (|53|) depends continuously on A with respect to 
the C^-norm. Moreover, the inequality ( |53D is gauge invariant. Hence it 
follows from Lemma |2.2| (with i = 2) and the Arzela-Ascoli theorem that the 
estimate (^) holds with a uniform constant C2 for all Aq such that {uq, Aq) e 

A^^ s('^o) for some Uq. 
Using the identity 

d\r^r' = ip~2) \r^r' {v,dAov)en\j:) 

for T] G fi°(S,0p) and integration by parts we obtain 

\vf~'^ \dAoVf = / \vf~'^ iv^d^dAoV) - ip-'^) / \vf~^\{v,dAoV)\'^ ■ 
Jt. Jy. 

The last term on the right is negative. Now (|4^) is equivalent to 
Hence, by the previous identity and (|5^), we have 



Jt. 

< / \vf'^ {v,£^d% dAoV + L*LuoV) 



= I \^r'{v,e'dXa-K^i) 
Jt 

Jt 

<cJ \rir'\i\+e\p-l) I \vr'\dAA\o^\ 
Jt Jt 

<cJ + / + ^ / \rir'\dAA'- 



2 
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Therefore, by Holder's inequality, 



\i. < ci Mil.' m 



LP 



+ 



|P-2 
I LP 



a\ 



LP ' 



WWlp 



< 



I^IIlp II^IIlp 



Hence 



and hence 



LP 



UVlp < c\m\i. + cle\p - I] 
Thus we have proved the inequalities 

llr^ll^p < Ci max{p - 1, c\} 
By (HD, (HD, and (0), 



\OL\ 



LP 



LP ' 



0,p,e 



(54) 



1^1 



2,p,e;Ao 



1^711 LP + ^IMao^IIlp II^Ao^Ao^l 



LP 



LP 



< 
< 



(l + C2 + 2qj + :^ 

(2 + c?(l + C2 + 2c?)) \\f,\\^,. 

This proves the second estimate in (^7|). 

To prove the first estimate in ( ^Tj) we use a rescaling argument in local 
holomorphic coordinates on E. Cover E by finitely many open sets, each of 
which is holomorphically diffeomorphic to the unit square in C, suppose that 
the coordinate charts extend to a closed square of side length two, and choose 
trivializations of the bundle P over each of these (extended) open sets. In 
these coordinates we write the metric in the form A^(ds^ + dt^), and we write 
A := Aq = ^ ds + dt, a = if ds + dt. Moreover, u := Uq : [0, 2f M, 
^ : [0, 2]^ — > TM is a vector field along u, and rj : [0, 2]^ — > g. In this notation 
equation (|46|) has the form 

VsVsV + VtVtV = Vsif + Vt^p + {X/efLl{Luri + 0, (55) 

where VsT] := V^s''? = ^sV + [^iV] ^tV •= V^t'? = dtt] + [^E',?]]. Now we 
introduce new functions, defined on the square [0,2/e]^, by 



eip{es, et), 
eil){es, et), 



u{s, t) 



X{es, et), 
u{es, et), 
e^{es, et), 
e'^{es,et). 
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Then (^3|) is equivalent to 

where Vsfj := dgfj + and Vtfi := dtfj + [^P,"?/]. This equation can be 

written in the form 

Ar/ = dsf + dtg + h 
where A := dgds + dfdt and f,g,h: [0, q are given by 

f ■.= ^-2[^,fi], ~g:=ij-2[^,fi], 

h := ~X'Lt{L^fj + + ^ - [<!, fj]] + - r;]] + [9,<l + 9*^, r^] . 

Hence there exists a constant C3 > such that, for all real numbers a, b such 
that l/2<a<b<2/e- 1/2, we have 

/ (1 v.r^r + 1 Vtr/r) < C3 / (i/r + i^r + i^r + i^r 

J[a,6]2 ^ ^ J[a-l/2,b+l/2]2 ^ 

Here the constant C3 is independent of a and 6. It follows that 

a,fe]2 ^ ^ J[a-l/2,6+l/2]2 ^ ^ 



+C4 / (lfr+l#)A^ 

Jfa-l/2,6+l/2l2 ^ ^ 



'[a-1/2,6+1/2] 

where the constant C4 depends on the metric and on the C^-norms of $ 
and With a = l/2e, b = 3/2e, and < e < 1 we obtain 



^[l/2,3/2]2 J[0,2]2 

^f0.2l2 



'[0,2] 

Hence, by taking the sum over the coordinate charts. 

Here is the number of open sets in the cover and the constant C4 depends 
continuously on Ao with respect to the C^-norm. Hence, by Lemma C4 
can be chosen independent of the pair (uq, Aq) G A4%Y:i^o)- Combining the 
last inequality with (pi) we obtain the first estimate in (ETI) as claimed. □ 
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In the following proof we use the identity 



for A G A{P) and rj G fi°(S,0p), where ad{ri)a := [ri,a] for a G fi^(S,gp 



(56) 



Proof of Lemma \7.3i . Throughout the proof we denote by ci, C2, C3, . . . pos- 
itive constants depending only on p and cq (and not on the pair {uo,Ao)). 
Fix a pair {uo,Ao) G A^^^l'^o) and choose a positive constant 60 that is 
smaller than the injectivity radius of M on the compact set uo{P). Suppose 
that T] G f2°(S,gp) and Co = (Co^^o) ^ T{uo,Ao)^ satisfy the hypotheses of 
Lemma |7.3| with a sufficiently small constant 6 > 0. Let ci be the constant 



of Lemma [4.4| . Then, by (^Hf), 

+ hlLoo < ci^-'/^ (lieolli,,,, + \\v\k,,e) < ciS. 

Hence, if 6 is sufficiently small, it follows that the C^-distance between uq 
and e~^'^ exp„^(^o) is smaller than 60 for every r G [0, 1]. Hence there exists a 
unique smooth path [0, 1] T(^uo,Ao)^ : r (r = (^r, «r) starting at Co such 
that 

(exp„o(^r), Aq + ar) = g*{u, A), 

where 



u,v4):=(exp (^o),^o + ao), 9 ■= e 



rr) 



(57) 



The endpoint Ci of this path obviously satisfies (|49|) . We prove the inequali- 
ties 



|<9rCr||o,p,. < Clhili 



|5rCr||i,p,, < C|h||2,p^ 



(58) 



^(^0,^0) i^rQr - rf(„„,^o)r/) 11^^ < ce-^'^ (lIColli,,,, + hlU,,.) hill,,,, (59) 

for < r < 1, where the constant c depends only on cq and p. Then the 
inequalities (^) and (51) follow by integrating the function r i— > S^Cr over 
the interval < r < 1. 
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For every u G Cq{P, M) whose C°-distance to Uq is less than Sq we define 
the hnear operator Z{u) : ^^°(S,gp) ^ ^]°(E, m*TM/G) by 

Z{u)fi := dexp;^^{u)Lufj 

for r/ e r]°(S,0p). Then 

5^Cr = i-Z{g-'^u)r], dg*AVo), (60) 



where (m, A) and (7 are as in (pTf). We prove the first inequahty in (|58|). Since 
A = Aq + ao 'we have 

cig*A?7 = c?yio?7 + [g*Ao - Ao, rj] + [g^^aog, i]] (61) 

and we must estimate the three terms on the right with g := e"^^. Since 
1^00 < Ci6 it follows from (0), with r] replaced by rr], that 



\\[g*Ao-Ao,v]\\L.<C2\\dAoV\\L. Wvh^ < Cse-'-'/' n'nii,,,e ■ 
Moreover, 

Hence, by (||) and (|l|), Wdg^AvWip < 

C4£: ll^llipe and hence the first in- 
equality in (^) follows from (|HI1|). 

Next we prove the second inequality in (|58|) and (^). Using the identity 

c?Ao[fl'"^aofi',^] = [9~^idAoao)9,v] + [[iAo-9*Ao)Ag'^aog],7]]-[g~^aogAdAoV] 
and ( |5BD we obtain 

+ e\\dAo[9~^aog,r]]\\^^ + e \\dAo[*9~^ao9,v]\\LP 

Similarly, using the identity 

dA,[iAo - g*Ao),v] = [dAoiAo - g*Ao),r]] - [{Ao - g*Ao) A dA,v] 
and ( |5B[ ) we obtain 

IlPo -/Ao),r/]||i,,,, < C6e-^-^/ni^ll2,p,e 
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Hence, by (0), 

\\dg,AV - dAoV\\i,p,s < Cje-^-^/^ (llCo|li,p,e + Il^ll2,p,e) ll^lll 

Moreover, since Z{uo) = L^q, we have 
\\Z{g'^u)r] - LuovW^ 



< \\Z{g u)r] - Z{u)7]\\^^^^^ + \\Z{u)r] - Z{uo)7]\\^^p^^ 

< C8 {\\v\\l,p,e WvWl^ + Uo\\i,p,, WvWl^ + II^oIIloo \\v\\i,p,s) 
<C9e-'^'{\\Coh,p^e+Mkp,e) H\l,p,s- 

Here we have used the inequahty ||?7||^oo < Ci6 from ( ^8]) and Lemma |44 . 
The constants C7 and cg in the last two estimates depend continuously on the 
pair (mo, Aq) with respect to the C^-norm and are gauge invariant. Hence, by 
Lemma p^ , they can be chosen independent of (^0,^0) G ■M'b^y;{co). Hence 
the second inequality in ( |5B| ) follows from (pD]). To prove we observe 
that 



where {u, A) and g := e^"^ are as in (^71). The terms on the right have been 
estimated above and this proves (0). Thus we have proved the existence 
of Ci. The inequality (|50D with 5 sufficiently small guarantees that the C° 
distance between uq and exp^^(^i) is smaller than the injectivity radius. This 
proves uniqueness. □ 



Proof of Proposition \7.1\ . The proof is based on a Newton type iteration. Let 

:= {u,A) = (exp„„(0,Ao + «), Ci := C 

For z/ > 2 we define = {C,^, a^) G T(^uo,Ao)^ inductively by 

(exp„o(^v+i), + := {uu+i,A^+i) := gl{u^, A^), 

where {u^,A^) := {exp^^{^^) , Aq + a^), g^ := e''-, and 7)1, G fi°(S,gp) is the 
unique solution of the equation 
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To construct these sequences we must ensure that in each step and r/j, 
satisfy the hypotheses of Lemma |7]^ so that ^,^+1 can be chosen as in the 
assertion of Lemma [7.3| . We shall prove this below. And we shall also prove 
that these sequences satisfy the following estimates. 



IIC.IIi 



LP 



LP 



^ IISIIl,p,£, 



LP 



1-u 



< 2 

< 02-" 



"(«o,Ao)^ 



Lv 



(62) 
(63) 

(64) 
(65) 



The constants C and b are chosen as follows. Suppose that the constants 
ci, C2, C3, C4, C5 > 1 and 5o, ^3, (^4 ^ (0, 1] satisfy the following conditions. 

• The injectivity radius of M on uo{P) is bigger than ^o- 

• The inequality (|52D holds with ci for every x G yu~^(0). 



The assertion of Lemma 7.2 holds for < e < 1 with c replaced by C2. 



The assertion of Lemma |7]3| holds for < £ < 1 with c replaced by C3 
and 6 replaced by ^3. 

The assertion of Lemma O holds for < £ < 1 with c replaced by C4 
and 6 replaced by ^4. 



• The assertion of Lemma holds for < £ < 1 with c replaced by C5. 
Now choose positive constants C and 6 such that 

CiC2(l + 2C2)C3 < C, 2C2(1 + C2)csC6 < 1, 2C6 < 63, < 64. 

We prove that the estimates (|62|-|65|) hold for = 1. Since C/2 > C1C2, 
the inequality (|65|) with u = 1 follows from Lemma \I.2\ Since C > 1, the 
inequality ( p^ holds for u = 1. The inequality ( pBD is vacuous for u = 1 
and (0) is obvious. 



Now suppose that the sequences have been constructed and the inequal- 
ities ( |62| - |65D have been established up to some integer u > 1. Then 

ll^.lkp,. + IK.IIi,,,. < C{1 + 2-n IICIL,,, < 2C6e'/^ < 5,8^1^ 
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Hence the hypotheses of Lemma [7.3| are satisfied with replaced by C,u and 77 
replaced by 171^. Choose = (^iz+i, as in the assertion of Lemma [773 . 

By Lemma |7.2|, we have 



Vv\\l,p,e < C2IICI 



0,p,e ' 



\r] 



<C2 



LP 



Moreover, c?(^q + d(uo,Ao)Vu) = 0, and hence, by (|5T|), 



d 



(«o,Ao)^'^+l 



LP 



Since 02(1 + 02)03 < C, this proves (|63D with z/ replaced by z/ + 1. Moreover, 

by (0), 



< 



LP 



LP 



< C2{l + C2)csC6 d*^^^^,/, 



LP 



Since 2c2(l + 02)03(75 < 1, this proves (|6^) with z/ replaced by z/ + 1. Now 
let 57^+1 be the unique solution of d*^uo,Ao)^(''o,Ao)Vu+i + dl^^^^^)(u+i = 0. Then, 
by Lemma [7.2| and (|64D , 



\Vu+l\ 



< C2 



LP 



< C22- 



^(«o,Ao)^ 



LP 



< C1C22" 



l,p,£ 



Since 2ciC2 < C this implies (^5]) with z/ replaced by z/ + 1. It remains to 
prove ( |62D with z/ replaced by z/ + 1 . By (^0|) and (p^ ) , we have 



IIO+l - Olli,p,e < C3 Il%ll2,p,e < C2C32^ ^ 



'("o.^o) 



< CiC2C32^ ^ IMIl,p,£ 

(66) 



for j = 1, . . . , z/. Hence 

V 

< iiciii,p,. + iio+i - oiii,,,, < (1 + 2C1C2C3) iiciii,,,, . 



Since 1 + 2C1C2C3 < C this proves ( |62D with u replaced by u + 1. This 
completes the induction. 
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By (p^), is a Cauchy sequence in the ly^'P-norm. Moreover, 

{u^,A^) = (exp„^,(^^),Ao + az.) = K{u,A), 

where := (71(72 • ■ • Qu-i- We prove by induction that there exists a sequence 
rji, G n°(S,gp) such that 



hy = e 



< c^CT 



(67) 



For 1/ = 1 we set h\ := 1 and rji := 0. Suppose that the sequence has been 
constructed for all integers up to > 1. Then 



u-l 



Hence, by Lemma 



and (|6 



(68) 



WuWloo S \\vA\2,p,e ^ C4C5C£ ^/P ||^||^^^^^ < C4C5C5 < ^4/4, 

By Lemma [7^ , there exists a section 77^+1 G f2°(S,0p) such that 



+1; 



Applying Lemma to —rjy and 77,^+1 we find 



< C4 ||l7; 



< C4C2- 



l.p.e 



The last inequality follows from (|65D. This completes the induction. Thus we 
have proved that h^, satisfies ( |67D and hence is a Cauchy sequence in ^^'^(P). 
Denote 

( := lim (i,, h := lim hi,, rj := lim 77^. 



Then 



= /i, /i*(M,A) = (exp (0,v4o + a 



C = o. 



The last equation follows from (|6^. Moreover, by ( [6^ ) and (§5), we have 
ll^lkp,. + IKILp,, < C(l + C4) IICIL . Hence (H) holds with c := 0(1 + c,). 
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To complete the existence proof we must show that rj and ( are smooth. 
We shall prove that the sequence d, is bounded on W'^'"'^ for every k. Here 
it suffices to obtain rather crude estimates with constants which depend on 
e and are allowed to diverge as e tends to zero. We fix a constant e > 
and prove by induction that for every integer k > 1 there exists a constant 
Cfc = Cfc(p, e, Uq, Aq, u, A) such that, for every z/, 



lICi/ II — Cfc, ll'?!' II Vt/^-' + l'P — ^k'^ 



(69) 

For k = 1 this follows from (|62D and (|65D . Now let A; > 2 and assume that 
these estimates have been established with k replaced hj k — 1. Observe that 
there exists a constant > 1 such that, for every u, 

\\(u+i — CuWw'^'P — Ck\\fi^\\^^k+i,p , 



d 



(«o,Ao)^'^+l 



d*^ C 

— ^A; (llCi^llvi/fe.p ~l~ ll''7!^lliy'=+i'p) ll'Vi^lliv*'; 



The first two inequalities are obvious, and the last follows by inspecting the 
formula (^) in the proof of Lemma |7.3| . Combining these inequalities with 
the induction hypothesis, we obtain 

IICi^+lllvK'^'P — IICi'll VK'^'P ~'~ ll^'^lliy^+^'P ' 

hi,p ^ (||Cj/||^fc,p + ||57jy||p^/fe+i,p) 2 . 



\Vi^+i\\w'^+^ 



Abbreviate 



^i' ■ IICi^+!^olliy'=>p ~^ \\Vu+uo\\w''+''-'P 
and choose z/q so large that Clck-i2~'^° < 1. Then 

(^1^+1 ^ llCj^+i'olliy'^'P "I" ll^'^+fo llty=+i.p "I" ll'7i'+i'o+illvi^'=+i>p 



/j/+i/o+l II VK'^+i'P 



< ttu + C^Ck-l (IICi'll VK'-'-P "I" II'7i'IIh"=+i>p) ^ 

< (1 + 2-na, 



for all V and hence the sequence is bounded. It follows that the sequences 
llCi^llH/fe.p ^^'^ ll^i/llvi/fc+i'P bounded. Thus we have proved that 171. and 
satisfy ( |69D . This completes the induction. It follows that C, is smooth and 
hence, so is rj. This proves existence. 
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We prove uniqueness. Choose (5 > so small that 

C5C5 < 60, 2CiC5 < ^3, C^c5 < ^4, 2C2C3C4C(5 < 1. 

Assume that ^q, Ci ^ T(^uq,Aq)^ and rjQ, rji G Qp) satisfy the requirements 

of the proposition. Then 

^5o,Ao)^* = 0' A) = (exp„^(^i), Aq + ai), 

for i = 0,1, where Qi := e'^\ By Lemma we have 

hilLoo < C5£~^/^ hi|l2,p,£ < CgCe"^/^ IIClll,p,£ < C5C6 < 64 



for i = 0, 1. Hence, by Lemma O, there exists a unique element r/ G 
0p) such that 



^ := e'' = go ^gi, 



< 



\m 



2,p,e 



C4 11^1 -^0|l2,p,e 

The gauge transformation g satisfies 

^*(exp„„(^o), Ao + ao) = (exp„y(^i), Aq + ai 

Moreover, 



< C4 ||?7i - T]o\ 



2,p,£ ■ 



IICo|li,p,e + Il^ll2,p,e < 2C4C||s||i,p,e 



Hence Co and r] satisfy the hypotheses of Lemma [7.3| . We use Lemma |7.2| and 
the estimate (^) of Lemma [7.3| to obtain 



\v\\2,p,e < C2 



(uo,Ao)'^(«o.^o)'7 



LP 



< C2C3£ (lICl - Co|li,p,e + hll2,p,e) 

< C2C3C4e-2/P (lICl - Co|li,p,, + WVl - Vo\\2,p,e) M\l,p,s 

< 2c2CsC,Ce-'/n\Chp,eMkp,e 

< 2C2C3C4C5 ||?7||^^p^^. 

Since 2C2C3C4C5 < 1 we have r] = and hence rji = rjo. Hence ao = ai and 



exp„o(^o) = exp„^(^i). By (|4D, (H), and Lemma |J, we have 
for i = 0, L Hence ^0 = ^i- 



□ 
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8 Proof of Theorem C 

In this section we prove that the map : TVI^ ^(co) ^ e introduced in 
Theorem is locally surjective. This is the content of Theorem C and is 
restated more precisely as follows. 

Theorem 8.1. Assume (HI) and {HA) and let B E H2{M;Z) be a nontor- 
sion homology class. Then, for every Cq > and every p > 2, there exist 
positive constants sq and 6 such that the following holds for every e G (0,£:o]- 
If {uo.Jlq) e M%^^{co - 1) and {u,A) = {exp^^{^),Ao + a) e M%^^ where 
C = a) G Tf^uoM^ satisfies 

then there exist G ker P^.^ and tiq G gp) such that 

g*iu,A) = f%Uo,Ao), g := e''°, K, Aq) := -^(°,„,^„)(eo), 

||Co||iyl,p + ll^o|l2,p,£;Ao - ^ \\^\\l,p,s;{uo,Ao) ' 

Here J-'^-^ is the map of Theorem The proof of Theorem is 
based on Corollary |6.3| and on the construction of a tubular neighbourhood 
of the moduli space s(co) in the quotient B/Q. 

Proposition 8.2. Assume (HI) and (HA) and let B G H2{M; Z) be a non- 
torsion homology class. For every p > 2 and every cq > there exist positive 
constants 5, Sq, and c such that, for every e G (0,eo]j the following holds. 
Let {uq, Aq) G A^^ ^('^0 ~ 1) ond (m, A) = {exp^^{^), Aq + d), where the pair 
C := a) G T^uoM^ satisfies 



1 (- A^< ^^^^"^ (70) 

l,p,e;(uo,Ao) — ^ ^ 

Then there exist e kerP°_^^^^^, r]o G fi°(S,gp), {uq, Aq) G A<b,s(co), and 
Co = (^0, tto) e T(„o,Ao)'B, such that 

g*{u, A) = (exp„^(eo), Ao + «o), K, Ao) = J^^^oM^^^^^ ^^^^ 
where g := e"^" , and 

^S„,A./o = 0' Coeim(P^„„,^„))*, (72) 

||fo||^yi,p + ll^o|l2,p,£;Ao + IKo|li,p,e;(no,Ao) ^ ^ I Kl I l,p,£;{So,Ao) " ^^^^ 
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Figure 1: A tubular neighbourhood of A^''. 



The proof of Proposition p.2| is based on Proposition |7. 1| . The latter can 
be restated as follows. Let Ti!^ C TB denote the horizontal subbundle with 
fibres 

Given a pair {u, A) & B and constants p, Cq, 6, e denote by W = U^{6, e) C 
■^Bs('^o) the open set 

W° := {(no,Ao) G M%^{co)\{u, A) = (exp„„(0, + a), ||C|li,,,, < 6e'/^}. 



If 5 and e are sufficiently small then Proposition defines two maps 

such that iS^ is a section of Ti.^ over and, for every (mq, Aq) G U^, the 
pair (^0, tto) := S^^^Uq, Aq) and the gauge transformation g := e'', where r] := 
Af'^i^UQ, Aq), satisfy g*{u, A) = (exp^^^^o), Aq + ao) and (|i5|). In particular, 



0;i|l,p,e 



< C 



where (m, A) = (exp^|^(^), + a) and ||Cllip£ ^ fe^^^. In this notation 
Proposition asserts that for every {u, A) G B, whose distance to in 
the e)-norm is less than for a sufficiently small constant 5, there 
exists a pair (-uq, ^o) G such that S^{uo, Aq) lies in the image of (J^fuo Aq))*- 
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Lemma 8.3. For every p > 2 and every Cq > there exist positive constants 
6, Eq, and c such that the following holds for every e G (0, ^o]- Let {u, A) ^ B 
and I C M. be an interval. Suppose that I W{5,e) : r v-^ {uo{r), Aoij-)) is a 
smooth path, and let C,{r-) = (^(r),a(r)) G T(^uo{r),Ao{r))B be the corresponding 
vector field along this path that satisfies 

KA) = (exp„„(0,Ao + a), llClli,,,, < fe'/^. 
Then the function r Ce(^) •= {uo{r) , Aoi^r)) satisfies the estimate 

{drUo, drAo) + VrCs < C (i|C||ip, + Ws^d^drAo - Ll^OrUoW^,) , (74) 

where VrCe ■= {^vie^drae) and Vr^e ■= V,.^£ - |j(Va,uo</)^e- 

Proof. Let g{r) := e'^^^''\ where ?7e(r) := Af'^ {uo{r) , Ao{r)) G fi°(S,0p), and 
denote mq := drUo, Aq := drAo, g := dr-g. Let 5i and ci be the constants of 
Proposition [7.1| . Then 

Il^.(^)ll2,p,e + \\Ur)\\,,,, < ci IICWIL,,,, < c,6,e'/^, (75) 

g-\ = exp^^{^,), g*A = Ao + ae, e^d\ae - Ll^^^, = 
Differentiating these identities we obtain 

-Lg-iuig~^g) = EiiiQ + E2%^e, dg*A{g'^g) = + «£, (76) 

where Ei := Ei{uo,C,e) and E2 := E2{uo,C,e) (see Appendix 1^), and 

e^dXae - * [Aq A - V.^. - p(mo, ^e) = 0, (77) 

where p G f2^(M, g) is given by (^?, p(^i, ^2)) := (V|i-^r?,^2) (see Lemma |C]2]) . 
Inserting the expressions for V^^e and in ( |7BD into (^) gives 

^'c?AoC^<;*^(^"'^) + Ll^E^^Lg-i^ig-^g) 

= e^d*^^Ao + e^* [Ao A *a,] - Ll^E^^E.iio + p(%, 



Since g = exp (.^g) and (7*y4 = + we have, by Lemma |C.l 



E^^Lg-i^{g-'g) = Lu,{g-^g) + {E^^Ei - t) Lu,{g^^g) + V^,Xg-ig{uo), 
d*Aodg*A{9'^9) = d\^dAa{g-^g) + [d\^ae,g'^g\ + A dAM'^d)]- 
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Hence 



+ e^*[AoA*ae]+Ll^{l-E^^Ei)uo + p{uo,Q 



\g-'g\ 



2,p,e 



By Lemma |7.2| and Lemma |4.4| , there exists a constant C2 > such that 

< ^2e-'/n\Csh,,Jg^'gl^^^, 

+ C2 (llC.|lo,p,e 

< ciC2Si\\g''^g\ 



LP 



\2,p,e 



LP 



The last inequahty follows from (|75D . With C1C2S1 < 1/2 it follows that 

+ 



Hence (|7|) follows from (|76D and 
Consider the vector bundle 



LP 



□ 



whose fibre over {uq, Aq) G y, finite dimensional vector space 

that satisfy the equation 



(78) 

This space can be identified with the kernel of the operator "D^^^ Namely, 
the kernel of P^^^ consists of all sections ^0 ^ Hug) that satisfy (|78D 

for some 1-form ao € f2^(S,0p), and the 1-form ao is uniquely determined 
by ^0- Thus V° — > is a vector bundle of rank m := dim 2- 
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Lemma 8.4. For every p > 2 and every Cq > there exist positive constants 
Eq and c such that the following holds for every e G (0, Eq] . Let I G be an 
interval and ^ 

I A^B,s(co) : r ^ (uo(r), Ao(r)) 
be a smooth path such that, for every r G I , 

I|5r%(r)||c2(s) + ||5,Ao(r)||^,(^) < Co. (79) 

Then every smooth vector field r ({r) = (^(r), a(r)) G T(^uo(r),Aoir))J3 satis- 
fies the inequality 



, fe + l,p,£ 

k,p,e 

for = 0, 1, where V := and V^C := (V^^ - | J(Va^„o J)^, dr-a). 

Proof. We denote 

(e, a) := C, C' := := V^, C ■= iC, ^'r, ■= T^'^rC 

Moreover, we drop the subscript and write {u,A) := {uo,Aq). Then, in 
local holomorphic coordinates on S and a local frame of P, (' is given by 

= ^aA + J^A^ + Vs - Jvt) + ]^{JdsJ - dtJ)i + + JL„^, 

= \-\VA,s^ + VA,t^)+e~^Lli, 

Here we use the notation of Remark Differentiating these formulae with 
respect to r we obtain 

+ ^VrN{i, Vs - JVt) - ^iV(V,e, Vs - JVt) 

+ UlriiJdsJ - dtJ)0 - \{JdsJ - dtJ)%i 
dr^'-^', = A-2([9,$,<^] + [9,^,V']) 

dr^'-^l = X-'i[dr<l>,^]-[dr^,V>]) 

65 



Here p = ps^t G ^^(^jfl) is defined by Lemma [C^. The required estimates 



follow from these three identities via a term by term inspection. □ 



Lemma 8.5. For every p > 2 and every cq > there exist positive cons- 
tants So and c such that the following holds for every e G (0,eo]- Let 
r 1-^ {uo{r) , Ao{r)) be as in Lemma \8.4\ arid suppose that r i-^ Col'") is a 
smooth section of along this path. Abbreviate := l^luoir) Aoir)) ^'^^ 
Ce(r) G kerP^ be given by 



Then 



||Ce-Co||o,2,e < CE^mW, (80) 
||V,Ce-V,Co||o,2,e < C (H^O || + || V.^O || L^) • (81) 

Proof. Let (^e, a^) := Ce for e > and C := (^, a) := Ce - Co- Then 
CGimP^*, V% = 




Hence, by Lemma O, there exist constants ci,C2 > (depending only on 
Co) such that 

||Clli,2,e ^ P"Cllo,2,e = ClS^ (IM^o"o|Il2 + llrf^gaoll^a) < €26^ |Ko|Il2 • 

The last inequality follows from ( [78| ) and the basic elliptic estimates for the 
operator V'^. Thus we have proved (|80D . To prove (|8TD let 

C := C'(r) := -{V^Vn~'V%o{r) G 

so that C = 'D^*C ■ Then, by Lemma with p = 2, 



IIC'll2,2,. < C3 P^*C'lli,2,. = C3 ||Clli,2,. < C2C,e^ U^W , 

and hence, by Lemma |8]^ (with c = C4 and replaced by "D^*), 

P^*V.C' - V.P^*Cl|l,2,. < C,e-^ ||Cll2.2e < C2C3C4£ l^olli^ • 
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Now it follows from Lemmata |4.(j| (with c = C5) and |8.4| (with c = C4) that 

||^^'*V,C'||i,2,e < C,\\V''D'*VrCh2,s 

< C,\\V'iV'*\/rC'-VrV'*C)\\o,2,e 

+ c4V'WrC - V,P^CI|0,2,. + C5||V,P^CI|o,2,e 



+ C5 C4£-lC||l,2,.+ ||V.r'^Cl|0,2,, 



< C7 ( ||^o||l2 + ||Vr.^o||L2 



Hence 



|V.C||0,2,. < ||V.I)^T-I^'*V.C'||0,2,.+ P^*V.C'||0,2,. 
< {c7 + C2C3C4e) (||^o||l2 + ||Vr^o||L2 



This proves (|8T|) 



□ 



The estimate (0) is fairly crude. More careful considerations give an 
additional factor e. However, we shall not use this fact. 

Lemma 8.6. For every p > 2 and every Cq > there exist positive cons- 
tants 6, Eq, and c such that the following holds for every e G (0,£:o]- Let 
(m, y4) G B and I G M. be an interval. Suppose that the path I — > U^{6,e) : 
r ('Uo(r), y4o(r)) and the vector field r C(r) G T(^uo{r),Ao(r))B are as in 
Lemma ^.Sj . Moreover, assume ( fT^j and let r \—>- Co{f) o.'^^d r Cel'") as 
in Lemma W7B. Then 

< C + ||V.eo|U2) {s' + \\C\\l,p,e + WLldrUoh^) 

Proof. Abbreviate iS^ := S'^{uo,Aq). Consider the identity 
d 



dr 



+ (Co - Ce, (drUo, drAo))^ - s'^ {ao, drAo) 



By Lemma |8.5| , the (0,2,e)-norm of VrCe is bounded above by a constant 
times ||^o||l2 + ||Vt.^o||l2- By Proposition [7?li the (0, 2, £:)-norm of is 



67 



bounded above by a constant times ||C||i,p,e- Hence the first term satisfies the 
required bound. For the second term the estimate follows from Lemma |8]3 
and the fact that the (0, 2, e)-norm of Ce is bounded above by a constant 
times ||^o||l2- For the third term we use (^) and (|80|) and for the last the 
estimate follows from ([79|) . □ 

Proof of Proposition \8.^. Let U C 



be an open set containing zero and 



U 



A^^ v(co) : X {uo{x),Ao{x)) 



be the composition of the map defined in Theorem with a Hilbert 

— > ker D?_ T , . Then 



space isomorphism 



{uo,Ao)' 



K(0), Ao(0)) = {uo, Ao), {dMO), d.AoiO)) e V"^^^^^) 
for z = 1, . . . , m; in particular, 

Ll^diUoiO) = 0, {diUo{0), 9jMo(0))^2(2) = 
Now choose m smooth sections (iq, . . . , (mo : f/ — * V° so that 

and 

Oo(0) = -idjUo{0),djAoiO)), (^io(x),Oo(a;))^2(s) = Sij 

for X G f/ and ?' = 1, . . . , m. Given x E U we abbreviate := ,s . 

If £ is sufficiently small then, by Lemma [4.8| , this operator is surjective for 

every x E U. In this case we define Cje{x) G kerP*^ by 

Cjeix) := Oo(a;) - 1^'* {V'V'*)-'V%^,{x) 



for j = 1, . . . ,m. By Lemma |8l^, these vectors form a basis of ker T)^ for 



e sufficiently small. Now let 5i and ci be the constants of Proposition 
Choose 5o > so small that 



\x\ 



for a; e f/ and < £ < L Let : W° 
as introduced above. Define 9 = (Oi, . . 



P < 

by 



Ti^ be the map of Proposition [7?1 
: f/ ^ I 
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where (■, denotes the (0, 2, e)-inner product on T(^uo(x),Ao{x))B- Then 

e{x) = S'{uo{x),Aoix)) E imV*. 

We shall establish the existence of a zero of 6 with the inverse function 
theorem. We must prove that \dd{x) — ]1| < 1/2 on a ball of radius r and 
that ^(0) is less than r/2. 

To see this, we first observe that 

1^,(0)1 < ||0o(0)||o,2,. \\S%uo,Ao)\l^^^^ < C2 IIClL,^,, < C26e'/^. 

Here we have used the fact that the (0, 2, e)-norm of Cje(O) is less than or equal 
to the (0,2,e)-norm of Cjo(O) = —{djUo{0),djAQ{0)), that the L^-norm of 
djAo^O) is controlled by ||5j'Uo(0) 11^2 = 1, that the (0, 2, e)-norm of 5^('Uo, ^o) 
is controlled by its £:)-norm, and that, by Proposition [7.1| and ([70D, the 
latter is bounded above by ci||C||i,p,e < cife^/^. Thus we have proved that 

1^(0)1 < v^C2 IIClli^p,, < V^c^Se'/P. (82) 

Now let ({x) = (^(x), a{x)) G T(^uo{x),Ao{x))13 be the unique smooth section 
defined by 

{u,A) = (exp,„(,)(e(x)),Ao(x) + a(a;)), C(0) = C, 
for X sufficiently small. Then there exists a constant C3 > such that 

||C(a:)|li,,,,< ||C||i,,,, + c3N 



for X sufficiently small and < e < 1. Hence, by Proposition we have 
that, for |a;| < Sq^'^^^ and < £ < 1, 

\\Ar^{uo{x),Ao{xm,^^^^ + \\S%Uo{x),A,{x))\\,^^^ 
<Ci||C(x)||i,p,,<Ci(||C||i^^^, + C3|a;|). (83) 

Moreover, there exists a constant C4 > such that 

+ {^joix),diUo{x))^2 I + \\Ll^^^-^diUo{x)\\LP < C4|x|, 

||e,o(x)|U2 + ||V4-o(a;)|U2 <C4 
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for X sufficiently small. Now suppose that Si and Eq have been chosen so 
small that the assertion of Lemma p.6| holds, with c replaced by C5, for the 
paths Xi t— > {uo{x) , Aq{x)) , Xi t— > ({x), Xi (jo{x), and Xi t— > Cje{x). Then 

\di9j{x) - 6ij\ < \Sij + i^joix), diUo{x))\ + \di6j{x) + {^jo{x), diUo{x))\ 

< C4|x| +C5(||Oo(a;)|U2 + ||ViOo(x)|U2) ■ 

ie' + \\a^)\kp,e+\\L:^i.)dM^)\\L^ 

< C4\x\ + CiCr,[e^ + ||C||i,p,£ + (c3 + C4)|a;|) 

< c^{e^ + \\C\\i,p,e+\x\) 

for |x| < SqE^/^ and < £ < ^o- Thus the Jacobian dO{x) G M™^'" satisfies 

\de{x) - ]1| < C7 {e^ + + . 

Choose 6q and eo so small that C7(£:q + 26Qe1^^) < 1/2. Then 

kl < Soe^^P, 0<e<eo, < 5 < So =^ \d9{x) - 1\ < 1/2. 

Hence the inverse function theorem asserts that 6{Br{0)) D Br/2{0{0)) when- 
ever r < Sos'^^^. Now suppose that y/mc2S < 5q/2. Then, by (^), we have 
2 1^(0)1 < Sae'^'P and hence we can apply the inverse function theorem with 
r = 2|^(0)|. Then 5^/2(^(0)) contains zero and, by the inverse function 
theorem, there exists a point xq G M™" such that 

^(xo) = 0, |xo| < 2 1^(0)1 <2v/^C2||C|L. 

The last inequality follows from (82). Now define 

(mo, ^0) := (uq^Xq), Aq{xq)), Co := '5^(mo, -4o), ??o := AT^K, ^o)- 

Then ( |7T| ) and (|72|) are satisfied by definition. The estimate (^) follows from 
Proposition [7.1| : 

ll^olls.p.e + IICo|li,p,e < ||C(a;o)|li,p,, < ci (||C||i,p,, + cakol) < cg ||C||,^p_^ . 



Moreover, the vector ^0 in the assertion of Proposition |8.2| is the image of xq 
under our Hilbert space isomorphism —* kerD°_^^^^. Hence, by elliptic 
regularity for the Cauchy-Riemann operator, its ly^'P-norm is bounded by 
|a;o| and hence by the (l,p, £:)-norm of (. □ 
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Proof of Theorem Kl. Let p > 2 and Cq > be given. Choose positive 
constants Eq, 6i, 62, and Ci such that Proposition ^]2| holds with 6 replaced 
by 61 and c replaced by ci, Corollary ^]3| holds with 6 replaced by 62, and 
both results hold for < e < Eq. Now choose 5 > so small that 

feo'/' < Si, ci6 < 62. 

Let e G (0, Eq] and suppose that (m, A) and (uq, ^q) satisfy the hypotheses of 
Theorem B, namely 

and ^ 

= (exp^^(e),Ao + a) g7W|,s, 

where ( := a) e Tf^uoM^ satisfies 

in \ \l,p,e;{uo,Ao) — — ^ 

By Proposition |8.2| , there exist 

eoekerPj-,^^^^), r/oen°(S,0p), 

and 

satisfying (^), (|7^) , and ([73|) , with c replaced by Ci. Hence 

IICoiL,,,„.^.„ < ||c|L,„,,,„,,„, < cife^/'^/^ < s..'"-"'. 



This estimate together with ( [72D shows that (uq, v4o) and Co satisfy the hy- 
potheses of Corollary |6.3|. Hence, by ([7T|), 

A) = (exp,„(eo), + ao) = T^K,^), ^? := e^°. 
Moreover, again by ([7ll), 

K.^o)=-^(°,„,A„)(eo) 

and, by (0), 

||Co||^l,p + ll^o|l2,p,£;Ao - '^1 11*^11 l,p,£;(«o,Ao) ■ 

This proves the theorem. □ 
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9 A priori estimates 

In this section we assume that J G Jq{M,uj) is independent of 2; G S (or 
in local coordinates is independent of s and t). Let f2 C C be a bounded 
open set, i^' C ^2 be a compact subset, and A : H ^ (0, 00) be a smooth 
function. Given u : VL M and $, \E' : 1] ^ g we define f^, ft : ^ u*TM 
and K : n ^ g by 

Vs:= dsU + X^{u), vt := dtu + X<i,{u), k := - 9j$ + [$, 

Moreover, as in Remark [4.1| , we use the notation 

VA,se := V,e + V5X$(M), VA,te := Vte + V^X*(M), 

for ^ : ^] ^ u*TM and : ^] ^ g. Then 

^A,s^{u) = dfi{u)vs = -L^Jvs, 'VA,tfJ'{u) = dfi{u)vt = -LlJvf 
Moreover, 

by Lemma |C.3| , 



and, by Lemma p.4| . 

In local coordinates equations (0) have the form 

+ = 0, X-^K + e-^fi{u) = 0. (84) 

If (H holds then 

Given a constant C > we denote by C M the compact subset of all 
X G M that satisfy 

|/u(x)| <C, H<C\L^V\ 

for every G g. 
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Lemma 9.1. For every C > and every triple {Q, K, A) as above there exist 
constants Eq = eQ{C,Q, K, X) > and c = c{C,Q, K, X) > 0, such that the 
following holds for every e G (0,£:o]- -(/"w, $, and \I/ satisfy ( ^8^ ) and 

\\vs\\L-°{n) <C, u{n)cM^ 

then 

sup < ce^, / \fiiu)f < ce^. 

K Jk 

Proof. Let A = d'^/ds'^ + d"^ /dt^ denote the standard Laplacian. For r > 
denote -Br(-2o) := {-2 G C | |z — zq\ < r}, Br := -Br(O), and 

VLr.:={zeC\ Br{z) C ^]} C fi. 

By (HD, we have 

dn{u)vs = -LlJvs = -Llvt, dfi{u)vt = -L^Jvt = L^Vs, 
and hence 

VA,sVA,s/i(M) + VA,tV4,t/U(M) = VA,sd^i{u)Vs + S/A,A^-{u)Vt 

= VA,tLlVs - VA,sLlVt 

= Ll{VA,tVs - '^A,sVt) - 2p{Vs, Vt) 

= -L*L„/t - 2p(fs,ft) 

Here p G ^7^(M, g) is as in Lemma |C2| . Thus 

A\p{u)\^ = 2|V4,.Mw)l' + 2|VA,tMw)l' 

+ 2{p{u), Va,sVa,s/U(m) + VA,t'^A,tPiu)) 

= 2|V4,sM«)|' + 2|VA,tM«)|' 

+ 2{X/6f\L^p{u)\^ -A{p{u),p{vs,vt)). 

Now choose a constant c > such that 

mmX^>c-\ 2|p(^i,6)| <c|^i||6|, 
for all X G and 6, 6 e T^M. Then 
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and hence 

6\fi{u)f <ae^ + e^A\ij{u)\\ (85) 
where S := and a := c^C^. Fix a constant r > such that 

Then, by (P^) and Lemma P]^ below, we have 
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/ r < Qvrr^ae^ + — / 1^ < Ovrr^ae^ + 367rC V 



for every z G ^3,.. Applying Lemma P]l again we obtain 

JBriz) r JB2r{z) 

for every z G i^sr, where c' := 47r(ar^ + 9a£:^/5 + 36C^/5r^). The L^-estimate 
now follows by taking the sum over finitely many balls of radius r that cover 
the compact set ^3^. Moreover, by (p5|), the function z \iji{u{z))\^ + 
4~^ae'^\z — -2oP is subharmonic in VL for every zq G C. Hence, by the mean 
value inequality. 



{z) O f^TTS^ 

for z G f23r and < s < r. Assume e < r^. Then we can choose s := ^/e and 
this proves estimate. □ 

Lemma 9.2. Let u : -B_R+r ^ M 5e a C"^ -function and f,g : -Bj^+r M 5e 
continuous such that 

f<g + AtL, u>0, />0, g>0. 

Then 

f<[ 9 + ^ [ n. 



Moreover, if g = cu then 



^supu < ( c + 4 1 / u. 
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Proof. For < s < r we have 



/- / 9< if-9)< / An = 



du 
du 



and hence 



"■5 JOBr+s K + S JdBR+, J Br JBR+r 

Integrate this inequahty over the interval < s < t to obtain 

/- / g<\ I u<- [ u 



BR+r ^ JdBR+t r JdBR+t 

for r /2 < t < r. The first inequahty foUows by integrating this inequahty 
over the interval r /2 < t < r. The second inequality was proved in |pS2| , 
Lemma 7.3]. □ 

Lemma 9.3. For every triple {Q, K, A) as above and every Cq > there 
exist constants Eq = eo{Q, K, X) > and c = c{Q, K, A, Cq) > such that the 
following holds for every e G (0,eo]- //""W; ^! \E' satisfy and 

hsWh^in) + !^'^\\lJ'{u)\\L^(yt) < Co 

then 

^~^hil^)\\LP(K) + \\LIVs\\lp{K) + \\LIJVs\\lp{K) 

+ £\\'^A,sVs\\lp(K) + B\\'^A,tVs\\LP{K) (86) 

< ce^/P illvsh^n) + E~^\\Ku)\\L2(n)) 

for 2 < p < oo. 

Proof. Consider the functions Uo,Vq : Q ^ given by 
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We prove that there exists a constant Cq > such that 

Auo >Vo- CqUq. 

To see this, recall from the proof of Lemma |9.1| that 



(87) 



and hence 



^A(AVMr) 



dt\fi{u) 



A2 



2d 



A^ 



A^ 



2A^ 



Moreover, by Lemma p.4| and Lemma |C.3 



= (yA,t^A,s - '^A,s'^A,t)vt + VA,s(yA,sVs + '^A,tVt) - VA,t(VA,st^t - VA,tVs] 
= - R{Vs, Vt)Vt - V^,X^{u) - VA,s{JLufi) - VA,t(L„K) 

= -R{vs,vt)vt + ^JVi,,X^(„)(M) + —{S/^J)Lu^i{u) + — V„jX^(„)(m) 

A^ A^ 9 A^ 9 A^ 

+ —LuLlvs -JLuLlJvs + -^JLufi{u) + -^Lu^i{u). 



Hence 
1 



A^ 



A^ 



3A^ A^ 
5-(Ai(u),p(t;^,t;t)) + ^(ws, (V^,^J)L„/i(u)) 

(9 A^ 9 A^ 
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Combining this with the formula for A(A^|/i(-u)p)/2e^ we obtain 

Amo = \Va,sVs\^ + \VA,tVs\^ + ^\Llvs\^ + ^\LlJvs\^ + —\Luf^iu)\' 

£^ 



e"' 



AA^ A^ 
+ ^|/^(M)r + ^(^^.,(V,,J)L,/x(m)) - {v„Rivs,Vt)vt). (89) 

The first row on the right is bounded below by 2vo- Moreover, by assumption, 
the image of u is contained in the compact set {|/i(x)| < eCq}. Hence the 
last six terms can be estimated from below by Vq — CqUq for some constant 
Co whenever e is sufficiently small. Thus we have proved the inequality (p?!). 
Hence, by Lemma |9.2| , there exist constants > and Cg > such that 



sup Uo+ Vo < c'q Uo 
K Jk Jn 



for every e G (0,eo]- Since \f^{u)\ < CqEq and zero is a regular value of fi 
there is an inequality {LuTjI > S\r]\ whenever Eq is sufficiently small. Thus we 
have proved (j8^) for p = 2 as well as 



hs\\Loo(^K)+^ M|/^(«)IIloc(^) < Co (^||t;,||^2(f^) Ml/^(«)llL2(Q)j • (90) 

Now let us define mi : ^ R by 

Ul ■= 2 \^A,sVs\ ■ 

We shall prove that there exist positive constants 5i, Ci, and such that 

A(mo + eV) > -ciuo (91) 
for < e < Eq. We consider the equation 

Aui = \Va,s'^A,sVs\'^ + \^A,t'^A,sVs\'^ + {{'^A,s'^A,s + V^.tV^,*) Va,sVs, '^A,sVs) 

and use the formula 

i^A,s^A,s + V^.tV^.t) Va,sVs =1 + 11 + in, 
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where 

// := Va,* (VA,tVA,s - Va.sVa,*) 

A^ d A^ 

/// := VA,s{'^A,s^A,s + ^A,t^A,t)Vs 

-R{vs,vt)vt + -^LuLlvs - -^JLuLlJvs + ^(V^,, J)X^(m) 

Here we abbreviate = X^(„)(-u) = Lufi{u). The last equahty for JJ/ 

follows from (|88|). Now consider the tensors V^J and V^X^ defined by 

VV(X,F,Z) := Vx((VyJ)Z)-(Vv,yJ)Z-(VyJ)Vx^, 

V%(F,Z) := Vy(VzX^) - VcvzX, 
for G and X, F, Z G Vect(M). Then 

+ (V^, J)V„,X^(„)(m) - {VyJ)LuLlJvs, 
VA,t(V„,X^(„)(M)) = V2X^(„)(t;t,t;,) + Vv,,,t,,X^(„)(M)V^^Xi,^^(M), 

VA,s{'J'"s))vt) + R{vs, t;*) Va,s( Jfs). 
Hence, by a term by term inspection, we obtain an inequality 

£^{Va,sVs, I + 11 + III) > -CMo - ^^0 

for e > sufficiently small. Note, in particular, that the term e^{VA,sVs, HI) 
contains the two positive summands A^|L* V^.s^sP and }?\L*^JVa,sVs\'^ ■ Since 
Amo > — cqUq the last inequality implies (PH) with ci := c + cq. Now it 
follows from ([9T|), (]90|), Lemma p.2| , and the formula 

A^ 



that ( PUD holds for p = oo. The estimate for 2 < p < oo follows by 
interpolation. □ 



10 Proof of Theorem D 

Theorem 10.1. Assume (HI) and (HA), let B G H2{M; Z) be a nontorsion 
homology class, and denote B := k{B) G H2{Mq; Z). Then, for every C > 0, 
there exist positive constants Eq and Cq such that for every e G (0, £o] ^he 
following holds. If {u, A) G satisfies Wd^uW^^ < C and u{P) C M*" 

then {u,A) G T^{M%^^{co)). 

Proof. Suppose the assertion is false. Then there exist a constant C > and 
sequences and {ui,Ai) G ^'^ch that 

Here is chosen smaller than the number eo(^) required for the definition 
of the map We prove in four steps that there exist an integer i^ G N, 
positive constants c and cq, and sequences 

{uio, Aio) G Mb^^Co - 1), Oo = (^io, ttio) e T^UM,Am)^ 

such that 

(m„ a,) = (exp„^^(e.o), Ao + aio), IIOolli,^,,, < cef (92) 

for every i > iq^ot i sufficiently large it then follows from Theorem that 
{ui,Ai) G T"^' i-M-B si'^o)) ^ contradiction to our assumption. 

Step 1. There exist constants c > and io eN such that 

ll/^(^i)llLp + WK^A^UiW^^ + \\LlJdAMi\\^^+ei \\VA*dA,Ui\\^^ < cej^ 
for i > io and 2 < p < oo. 

By the graph construction in Appendix ^, it suffices to establish the estimate 
under the hypothesis that J is independent of 2; G S. Namely, 

L*u4A,Ui = Ll^ dA, Ui , Ll^ JdA,Ui = L*^^ JdAiUi, 
VA*dA,Ui = (ys*id,VA*dA,Ui), 
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where Ui = (tt, -Uj) : P — > M = E x M, Va is the connection induced 
by A on u*TM/G, and id G f2^(S,TS). Hence we can use the results of 
Section ||. Since ||c?yi.Uj||^oo < C and Ui{Q) C M"-^, the pair {ui,Ai) satisfies 
the hypotheses of Lemma |9.1| and so the sequence €i~^^'^jl{ui) is uniformly 
bounded. Hence there exists a constant cq > such that 

\\dA,Ui\\^^ + eC'^l'^ ||Ai(Mi)|lLoo < Co (93) 

for every i. This implies that, in local holomorphic coordinates on S, the pair 
(ttj, Aj) satisfies the hypotheses of Lemma ^]3] for i sufficiently large. Hence 
the estimate holds in local holomorphic coordinates on S with Ui replaced 
by Ui. Hence, by a partition of unity argument, it holds globally. 

Step 2. There exists an integer io E N and a constant c > such that, for 
every i > io, there exists a unique rji G fi°(E,0p) such that 

A^(exp„^(JL„^?7i)) = 0, HWl-o <c\\fi{ui)\\^^. 

Define u'^ : P ^ M and A'- G A{P) by 

< := exp„^(JL„^r/i), Ll,dA'u'i = 0, 

so that dA'-u'i G and let Q := [JLuiTji, A[ — Ai). Then there exists 

a constant c' > such that 

llClli,,, < c'el^'^', \\dj,A'S<)\L < ^^"^""^ ¥a'u[\\l^ < c' 
for every i >io. 

The existence of rji for large i follows from the implicit function theorem for 
the map rj i— > /i(exp„.(p-)( JLu.(p)r7)). This sequence satisfies an estimate of the 
form 

HWlp < ci \\fi{ui)\\^, < C2e^+2/P 

for every i > io and every p G [2,oo]. Here the constants Ci and C2 are 
independent of i and p, and the second inequality follows from Step 1. For 
p = oo there is actually a better estimate (by instead of e), but we 
shall not use this here. In the following we suppress the subscript i and 
write u,u',A,A',e instead of Ui,u[, A^, A'-,ei, respectively. We estabhsh the 



required estimates in local holomorphic coordinates on S. As in Remark 4.1 
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we write A' = $' c/s + dt for some Lie algebra valued functiona and 
and denote 

v', := dsu' + X^,{u), v[ := dtu' + X^.{u'). 

Then = L*^iv[ = 0. We assume that the functions u, u', $, \E', \1'' are 

defined on an open set C C and fix any compact subset K G fl. We must 
prove the estimates 

on the subset K, where 

^ := JLuV, ip := - 

Abbreviate Ei := Ei{u, JLuf]), i = 1,2. Then 

Va4 = ■JLu^A,tV + (v., J + dtJ)L^v + JS/,,X^{u). (94) 
Hence, by Lemma |C.3| , 

t;; - ElVt = Lu'i) + ^2VA,te = Lu'i) + E2JLuVA,tr] + RtV, (95) 

where 

i?tr/ := E2iKJ + dtJ)L^v + E^JW^.X^^u). 

Hence 

dfi{u'){v[ - EiVt) = dfi{u')E2JLuVA,tV + dfi{u')Rtr]. 
Since L* = dfi{u)J we have 

LlLuVA,tV = {dfi{u) - dfi{u')E2)JLuVA,tV 

+ diJ,{u'){v[ — EiVt) — dfi{u')Rtri, 

and, since dii{u')v[ = 0, 

LlLuVA,t'n = {dfi{u) - dfx{u')E2)JLuVA,tV 

+ (ydniu) — dfi{u)Ei)vt + L*^Jvt — djj,{u')Rt'q. 

It follows that 

||VA,t?7||i, < C2{U\l^\\^aM\lv + \\LIM\lv + M\lv) 

< c,{e'^''^\\S/AML.+^"')- 
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If e is sufficiently small this gives 



\'^A,t'n\ 



< C4. 



Here the second inequality follows from a similar argument as the first . Com- 
bining these inequahties with (p^ ) we obtain 



2/p 



< C5. 



In order to estimate ip we apply the operator L*, to ( P^ and use the formula 
L*,fj = to obtain 

L:,L„,^ = {LI - Ll,Ei)vt - Llvt - Ll,E2JL^VA,tV - K'RtV- 
Combining this with Step 1 and the estimate for VA,tV we obtain 

<C6£'^ ll^llro. <C6. 



LP 



Hence, by 

Similarly, 
and 



H - EiVtWrp < cre 



2/p 



^I^^sIIloc < C7. 



Now use (|95|) again to obtain 



+ {E2JLU - JL^')Va,sV + J{E2JLu - JL 

u'j yA,tV 

+ EiVs + JEiVt + {Rs + JRt)Tl 

+ t:u'{{JEi - EiJ)vt + {Rs + JRt)ri)- 

The second equality uses the fact that Vs + Jvt = and that the 1-form 
dj^A'{u') takes values in Hu>. It follows that 
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It remains to show that 



To estimate the term VA,t'4' differentiate ( P5| ) with respect to t. Then apply 
the operator d^{u') to the resulting expression to eliminate V^.tV' and obtain 
an estimate of the form 

\\Va,NaMlp < 098^^"^'. 

Then apply the operator L*, to the equation obtained from differentiat- 
ing (0), and estimate VA,t4' using the upper bound found for VA,tVA,tV- 
The estimate for Va.s^/' is obtained in a similar manner. To estimate Va,s'^ 
and VA,tV5, we begin with the identity 

v'^ - EiVs = Lu'^p + E2JLuVA,s'n + RsV 

instead of (pSf) and then follow the same procedure. 



Step 3. There exist an integer io & N, a constant c > 0, and a sequence 
{u'l, A'{) e M%^j^ such that 

and 

miw^.P + P'/ - A[\\,, < ce'^^l\ Wa'iu'Al^ < c, 

fori > io. 
By Step 2, 

sup ||c?A^Mi||^oo < OO- 
i 

Hence the induced maps u'^ : H —>■ M form a sequence of approximate J- 
holomorphic curves which satisfy a uniform L°°-bound on their first deriva- 



tives. Hence, by (-^4) and Theorem p.3| , there is nearby a true J-holomorphic 



curve u'- : T, —>■ M whose ly^'^-distance to u'^ is controlled by the L^'-norm of 
dj{u'j). Now this J-holomorphic curve has a unique lift u'- : P ^ Ai^^(O) of 
the form 



u 



"-exp,,(e:), 



Let A'- G A{P) be the connection determined by u'- via L*„dA"u'- = 0. Then 
\\mw^.<c^\\^J,A'SK)h,<C2e^^'^^. 
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Here the last inequality follows from Step 2. Since L*,dA'Ui = L*"dA"u'- = 
we obtain 

II A" - A'W < 

In particular, these inequalities together give a uniform VT^'^-bound on the 
J-holomorphic curves : S — M. Hence, by the elliptic bootstrapping 
techniques for J-holomorphic curves, the sequence u'- satisfies a uniform L°° 
bound on the first derivatives. This proves Step 3. 

Unfortunately, the estimate on A'- — A'- in Step 3 is only in the L^-norm 
and not in the W^'^-noim. A further modification of the pair {u", A") is 
required to improve this estimate. 

Step 4. There exist an integer io E N, a constant c > 0, and a sequence of 
gauge transformations gi e G{P) such that the sequence 

(«,o,^.o) :=g:iv!;,A^)eM^^ 

satisfies the following. For i > io the original sequence {ui, Ai) has the form 

{ui, Ai) = (exp„^^(^,), Aio + ai) 

where Q := (^i, a^) G T(^u,o,A,o)^ satisfies 
The idea is to choose gi for large i such that 

Ui = exp^^^i^i), LUi = 0, Uio:=g-\l 

This can be done by using pointwise, for every p E P, the implicit function 
theorem to obtain the local slice condition. This suffices to obtain the missing 
estimates for the first derivatives of giA'- — Ai. We sketch a proof of this 
estimate below. 

By ( PB| ) and Step 2, the distance between Ui and u'i is unformly bounded 
by a constant times e^^'^ while the distance in the W^'^-noim is bounded by 
a constant times e"^^^. By Step 3, the distance between u'i and u" is bounded 
in the VT^'^-norm by a constant times e]'^'^^^. Hence there exists a sequence 
of smooth sections G Q^{T,,Ui*TM/G) and a constant c > such that 

< = exp„^(^i), II^IIl- < ci^i, ||Va,6|Ilp < cief^. (96) 

Moreover, the sequence d^'iu'l is uniformly bounded in the L°°-norm and 

WA'l - AiW^, < cie^/^ WdA'iu'l - E^{ui,i,)dAM,\\^^ < c^e^l'' . (97) 
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Here the last inequality follows from the identity 

+ Ei{Ui,i,i)XA'l~AX'^i) + E2{Ui,ii)Vl:^XA'l-AX'^i), 

which in turn follows from Lemma |C.lj . Now, by the inverse function theorem 
for the map G x ker L* — >• M : {g,0 ^ (7"^ exp^,(,^), there exists a constant 
C2 > and (unique) sequences gi G Q{P) and G fi°(S, u"*rM/G) such 
that 

M, = ^-iexp„,,(en, ^<er = o, 

and 
Define 



We shall prove that the pair {^io, aio) satisfies (p2D. To see this note first that 

Ui = exp^^g (^io), A = Aio + aio. 

The endomorphism Ei{ui,^i)g~^Ei{u'l,^'l) of u'l*TM is ej-dose to the iden- 
tity, (iyi^oUio = g'^dA'iu'l, and 

- Ei{uio,E,io)dA,oUio) 
= Ei{ui,ii)dA,Ui - dA'/u- + (1 - Ei{ui,^i)g'^Ei{u-,^i))dA'^u'-. 

Hence, by (0), there is an estimate 

\\dA,Ui - Ei{uio, ^io ) dA.oUio Wlp <C3ef^^, \\ a« ^io 1 1 ^oc < C3 

for all i. Hence, by Corollary |C.4| , there exists a constant C4 > such that 

II II ^ 2/p II II ^ 



Next observe that, by Lemma C? 



dAiUi = Ei{Uio,^io)dAioUio + E2{Uio,$,io)'^Aio^iO 
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Hence there exists a constant C5 > such that 

1 1^4,0 60 1 1 LP < C^ef^, IIVk^o^iollLoc < C5 

for all i. Thus we have proved that 



II^joIIloo + ||ajo|lLoo + II Vyl.,)^jo|lLoo < CqE 



1+2/p 



(98) 



for all i. It remains to estimate the L^-norm of the first derivatives of Ojo- 
For this we shall drop the subscript i and write u, Uq, A, Aq, ^q, instead of 
Ui,Uio, Ai, AiQ,^iQ,aio. Moreover, we use local coordinates on E as in Step 2 
and write 



^0 

Vot 



$0 ds + ^0 dt, A 
dsUo + I^„o*o, Vs 
dtUo + Luo^o, vt 



$ + dt, 
dsU + Lu^, 
dtu + Lu^, 



and := ^ — and ipQ := — q . Consider the formula 
By Step 1, we have 

\\Va,sVs + J'^A,tVs\\Lp < C-jE^^^'^ 

and hence, by elliptic regularity for the Cauchy-Riemann operator, 

||V4,s^^s||^j, + II Va,*!;^ II LP < cse^^^"^ 
Moreover, since -^^^g^Co = 0, it follows from Lemma |C2| that 



(99) 



VAo,t(^^o '^^0,5^0) - p{vQt, V4o,s'Co) 
-VAo,tp(^^Os, ^0) - P(^Ot, Vao,s^o)- 



and hence 



2/p 



(100) 



Here we use the fact that, by elliptic bootstrapping for J-holomorphic curves, 
there is a uniform L^-bound on VAo,t^os- Now consider the pointwise inequal- 
ity 

|V4,tV5o| < cii|L*L„VA,tV2o| 
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Since the operator (L* — L*^^^E2 ^)Lu is small, we obtain 

Now use Lemma |U.5| and the estimates (pSD, (P^D, and ( |10(J| ) to obtain 

The terms || Va,sV^oIUp; llVA^t-i/'olliP; and || Va,sV^o||lp are estimated similarly. 
This proves Step 4. ^ 

It follows from Step 4 and Theorem |8]5 that {ui, Ai) G ^"^(-A^s s(co) for 



some constant cq and i sufficiently large. This contradicts our assumption 
and hence proves the theorem. □ 

11 Vortices 

In this section we examine the finite energy solutions of (|^) over the complex 
plane S = C. The equations have the form 

dsU + X^{u) + J{dtu + X<i,{u)) = 0, , . 

- 9t$ + [$, ^] + = 0, ^ ^ 

where u : C ^ M and $, ^ : C ^ 0. The energy of the triple {u, $, ^) is 
given by 

E(u,<I),^) := [ {\d,u + X^{u)f + \fi{u)f) dsdt. 
Jc 

The vortex equations ( p.01| ) and the energy are invariant under the action of 
the gauge group 

g ■= C°°(C,G) 

by 

g*{u, $, ^) := {g-\ g ^d,g + g'^^g, g-^dtg + g'^'^g). 
A solution of ( |101| ) is said to be in radial gauge if 

cos e ^{re'^) + sin 9 m{re'^) = 

for every G M and every sufficiently large r > 0. It is said to be bounded 
if supc |a^(w)| < oo. 
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Proposition 11.1. Assume (HI) and {H2). Suppose that (m, $, is a 
smooth bounded finite energy solution of l \101\) in radial gauge. Then there 
exists a W^'"^ -function x : ]R/27rZ M and an LP' -function rj : M/27rZ —>■ q 
such that 

x + Xr,{x) = 0, n{x)=0 (102) 

and 

lim supd(u(re*^),x(^)) = 0, lim / \T]{e) - r]r{e)\^ dO = (103) 

where T]r{6) := r cos(^)\E'(re*^) — r sin ^$(re*^). Moreover, there exists a cons- 
tant 6 > such that 

lim snpr^+^(\dsU + X^{u)\'^ + \^i{u)f] = 0, 
where s + it =: re*^, 

E(m,$,^) = / U*UJ, 
Jc 

andsupQ^fou) < c, where c is as in hypothesis {H2) andfi^^{0) C f^^{[0,c]). 
If {H3) holds then E{u, $, \E') is an integer multiple of h = tN. 

Note that the removable singularity theorem for J-holomorphic curves 
is a corollary of Proposition p.l.l| (consider the special case G = {11} and 
M = M). Before entering into the proof we introduce the notion of the local 
equivariant symplectic action. The definition of this local action functional 
relies on the following lemma. We identify = M/27rZ. 

Lemma 11.2. Assume (HI). Then there exist positive constants 6 and c 
such that, for every pair of smooth loops x : ^ M and rj : ^ g such 
that 

sup |/u(x)| < 6, 
si 

there exists a point xq G /i~^(0) and a smooth loop go : ^ G such that 

c''^ sup \r] + gogo'^l < i{x,i]) := / \x + X^{x)\ dO, 
s-i Jo 

and 

d{xi9),go{9)xo) < cM9)\+ i{x,ri)) 

for every 6 E S^. 
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Proof. Fix a G-invariant and cu-compatible almost complex structure J G 
J'g{M,u!). If 6 is sufficiently small then there exist unique loops Xq : 
/i~^(0) and rjo : g such that 

x{e) = exp^^(g)(^o(^)), ^0 := JL^oVo, \^o\ < Ci|/i(x)|. 



By Lemmata |C.1| and |C.2| , we have 

x + Xr,{x) = Ei{xo,^o)ixo + X^{xo)) + E2ixo,^o)i^^o + ^o^vi^o)), 

V^o + V^,,Xr,{xo) = JL^^Xvo + [v,Vo]) + (JX^J(xo). 

Since the image of JL^^ is the orthogonal complement of the kernel of dfi{xo) 
we deduce that there exists a constant C2 > such that 

\xo + Xn{xo) \ + |V^o + V5o^r?(a;o)| < C2 |x + , 

pointwise for every 6 E S^. Define (7 : M ^ G and yo '■ ~* yU^-'^(O) by 

9 + V9 = 0, 9(0) = 11, yo{e) := 9{Or'xo{e). 

Then 

g{9 + 2tt) = 9iO)9i27T), yo = 9~\io + X,(xo)). 

Hence d{yo{27i) , xo{0)) < 27iC2i{x,ri) and so d{9{2Tc),l) < C3^(x, 77). This 
implies that there exists a path /i : M ^ G such that 



h{e + 2'K) = h{e)9{27r), 
Hence 90 := gh^^ is a loop and 



sup 

[0,27r] 



h-^h 



< C4i{x, rf). 



sup h + fi'05'o" 
51 



sup 

[0,27r] 



< c^i^x, 77). 



Moreover, with xq := Xo(0), we obtain 



d{x{e),9o{0)xo) < dixie),xo{9)) + d{xoi9),9m{0)-'xo) 

< d{x{e),xo{e)) + d{yo{e), xo) + d{h{e)xo, xo) 

< Ci\fi{x{e))\+C5i{x,r]). 



This proves the lemma. 



□ 
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Let S be as in Lemma 11.2 and (x, 77) : S*^ — M x g be a loop such that 
supgi |/i(a;)| < 6. Then the local equivariant symplectic action of the 

pair (x, rj) is defined by 

u*uj + J {fiixie)),7]{e))de, 

where Xq G Ai^^(O) and go : ^ G are as in Lemma |11.2| , ^o(^) ^ Tgf^(^g)xoM 
is the unique small tangent vector such that 

x{e) = expg^(g)^.^(^o(^)), 
and u : [0, 1] X 5*^ — > M is defined by 

u{T,e) := exp^^,(e)^g(r^o(^))- 

The local action is independent of the choice of xq and go so long as the 
distance between x{6) and go{0)xQ remains sufficiently small. 

Lemma 11.3. Assume {HI). There exist positive constants 6 and c such 
that the following holds. If (x, rj) : ^ M is a smooth loop such that 
SUP51 |/i(x)| < 6 then 

\A{x, ri)\<c (|x + X^(x) I' + |/i(x) I') d9. 
Jo 

Proof Let ^0 e C°°{S\x*TM) and u : [0,1] x ^ M be as above. Then 
the local equivariant symplectic action can be expressed in the form 

A{x,T]) = / / Lu{drU, deu + Xn{u)) dOdr. 
Jo Jo 

By Lemma |11.2| , we have the pointwise inequality 

Idrul = l^ol = d{x,goXo) < ci (|/i(x)| + i{x,r])) . 
Moreover, by Lemma |(J.1| , 

dgu + Xrj{u) = EiLg^^^{r] + gogo~^) + TE2 (V^o + Vs^^XnigoXo)) , 
where Ei := Ei{goXo, t^o) ioT i = 1,2. With r = 1 we obtain, by Lemma 11.2 , 
|V^o + ^,X^{goXo)\ < C2 (|x + X^{x)\ + i{x,r])) 
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and this implies 

\deu + Xr^{u)\ < C3{\x + X^{x)\+e{x,7])). 

Hence 

\Aix,r])\ < cics {\fiix)\+£ix,7])){\x + X^{x)\+iix,r]))de 
Jo 

< C4 / (|x + x^(x)|' + de. 



This proves the lemma. □ 



Proof of Proposition \11.1\ . Let (/, J) be as in (-^2) and let (u, $, \E') be a 



finite energy solution of ( p.01| ) in radial gauge. We prove in seven steps that 



(m, $, ^) has the properties asserted in the proposition. 
Step 1. \im.r^oo'r'^{\dsU + Xq,{u)\^ + \^{u)f^ = uniformly in 9. 
Abbreviate Vs := dgU + L^^ and Vt := dtu + L^"^ as in Section Let 

Then the formula (E% with A = e = 1 has the form 



Ae = |V4,.t;.|' + |V4,ti;.|' + 2|L>,|2 + 2|L:Ji;,|2 + |L„/i(u)p 

- 5(;u(M),p(t;s,ft)) + {vs, {S/^J)Lu^i{u)) - (t;s,/?(t;s,t;t)ft). 

Since m(C) is contained in a compact subset of M this gives an inequal- 
ity Ae > — Cie^. Namely, choose 5 > such that L^,. is injective whenever 
< 5. Then the first term in the secomd row can be estimated from 
below by — |Lu/i(M)p/2 — c\vs\^ whenever e < 5. In case e > 5 we can use 
the inequalities Ae > — c(e + e^) and e < e^/5. Now it follows from [jlVlSl 
Lemma 4.3.2] that there is a constant C2 > such that 



r > C2 ^ e(z) < — - I e. 



With r := |-2|/2 this implies limj^i^oo = 0. 
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Step 2. For R > sufficiently large, we have 

where xr{9) := u{Re'e) and r]R{e) := R cos 9 ^! {Re'^) - Rsm9^{Re'^). 
The energy identity on Br = {\z\ < R} has the form 

E{u,^,m-BR)= u*uj~ {fiixRi9)),T]R{9))d9. 
Jbr Jo 

For R sufficiently large denote by ur : [0, 1] x ^ M the function used 
in the definition of the local symplectic action of (xrjTJr). Then ur{1,9) = 
xr{9) and m/j(0, 6*) = gR{9)xRQ for some point xrq G /x~^(0) and some loop 
Qr : G. The homotopy class of the connected sum vr := u\Bnij^{—UR) 

(the orientation of ur is reversed) is independent of R. Hence the number 



Vr*UJ = E{u, $, ^; Br) + AixR, IJr) 
is independent of R. Since A{xr, tir) tends to zero as i? ^ oo it follows that 

E{U, $, ^; Br) + A{xr, 7]r) = E{u, $, ^) 

for every sufficiently large number R. This proves Step 2. 
Step 3. supc(/ o u) < c. 

Suppose, by contradiction, that supc(/ o u) > c. Then there exists a 
regular value a of f o u such that c < a < supc(/ o u). Hence the set 
U := {z G C I f{u{z)) > a} is a smooth submanifold of C with boundary. 
Since /i~^(0) C /^^([0,c]) it follows from Step 1 that there exists a number 
R> such that 

sup {f o u) < a < sup(/ o u). 

C\Br c 

Hence U is compact and has a nonempty boundary. By {H2), A(/ o m) > 
in U (see IICGMSII). Hence 



0<fA(fou)^f ^<0, 

Ju Jdu du 



'U JdU 

This contradiction proves Step 3. 
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Step 4. Consider equation ( lUl ) in polar coordinates s + it = e^^*^. Define 
u : R X ^ M and : R X ^ g by 

r+ie\ 



U[T,U) 



uie 



cos^<l>(e"+*^) + e" sin ^ ^(e"+^^), 



Then dsAdt = e^'^dr Ad9, ^ ds + 'if dt = ^ dr + ^ d0, and is equivalent 

to 

Vt- + Jvg = 0, k + e^'^/i('u) = 0, 

where 

The radial gauge condition has the form $(r, ^) = for large r. The energy 
of the triple (tt, $,\E') is given by 



oo /■27r 



oo Jo 



Step 5. There exist positive constants c and 5 such that, for every Tq > 0, 

fOO l'2-K 



e 



poo pZTT 

Vo) := / / {\vr\^ + e^^ \fi{u)\^) dOdr < ce 
Jto Jo 



Stq 



By Step 2 and Lemma |11.3| , we have 

6{t) = A{Xer,T]er) 



< 6 



-1 



2tt 



{\vAr,e)\' + e^^\fiiuiT,e))\') de 



for some constant 6 > and every sufficiently large real number r. Hence 
there exists a real number tq such that 



r>To 



£(r) < e 



-5{t-to) 



Step 6. There exist positive constants c and 6 such that, for every tq > 0, 

/•oo /'27r 

sup(|5,(ro,e)|' + e2-» |/i(u(ro,0))|) + / / e^^ \i^{uiT,e)f dOdr < ce-^^° . 
em Jto Jo 
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The L°° estimate for Vr and e'^'^fi{u) follows from Step 5 and (0). The 
L^-estimate for fi{u) follows from Step 5 and Lemma |9.3| . 

Step 7. There exists a W^'"^ -function x : ^ f^^^i^) ^''^d an LP' -function 
T] : ^ g such that 



27r ^ _ 

d9 = 0. 



lim suprf(M(r,^),x(0)) = 0, lim / ^{r,e)~ri{9) 
and X + X^{x) = 0. Moreover, E{u, $, \1') = J u*uj, and if {H3) holds then 
By Holder's inequality and the radial gauge assumption, we have, for ri > tq, 

^{n,e)-^{To,e)\' < \fi{u{T,e))\ dr^ 

< (ri-ro) r e'^\fi{u{T,e))f dr. 



Hence the existence of the L^-limit of \& follows from Step 6. That M(r, 6) 
converges uniformly as r tends to infinity follows from the exponential de- 
cay of Vr = drU in Step 6. That the limit is a 14^^'^-function and satisfies 
X + X^(x) = follows from the fact that vg = dgu + X^{u) converges (ex- 
ponentially) to zero as r tends to infinity. That E{u, $, \E') = J u*uj follows 
from the energy identity in the proof of Step 2 and the L^-convergence of 
That E{u, is an integer multiple of h (when (-ff3) holds) follows from 

the proof of Step 2. □ 

Every map m : C ^ M that satisfies ( p.03| ) and ( |102|) determines an 
equivariant homology class B = [u] & H2{Mq;Z) as follows. Homotop u to 
a map v : D ^ M such that f (e*^) = g{e'^^)xQ. Now define a principal bundle 
P ^ ^2 ^ (Z2 X D)/ ~ by 

P := (Z2 X D X G)/ ~, (0, e'^, h) ~ (1, e'\ g{e''^)h). 

Then v determines a G-equivariant map w : P — M by 

w{0, z, h) := H^^Xq, w{1, z, h) := h~^v{z). 

The equivariant homology class of u is defined to be the equivariant homology 
class of w. 
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12 Proof of Theorem A 

We begin by constructing a ^-equivariant smooth function from a suitable 
open subset of B x P — Cq{P, M) x A{P) x P into a suitable finite dimen- 
sional approximation of EG. For positive constants 5 and r denote 

:= {x eM\\ii{x)\ < 6}, 



B^^"- := \ {u,A) e C^{P,M) X A{P) 



3^; e E sup In o u\ < S } . 

Br(z) 



Throughout we assume that G is a Lie subgroup of U(A;). Then, for every 
integer n > k, a finite dimensional approximation of the classifying space of 
G is the quotient 

BG" := EG7G, EG" := J^{k, n) := {9 G C"^'^ | 9*9 = 11} . 

Let 5 > be so small that G acts freely on and choose a smooth G- 
equivariant classifying map 9 : EG™ for some integer m > k. 

Proposition 12.1. Let 9 : EG"* be as above. Then, for every r > 0, 

there exist an integer n > m and a map 9 : B^''^ x P ^ EG" with the 
following properties. 

(i) For g eg, he G, and {u, A,p) e B^^^ x P, 

e{g-\g*A,pg{py') = Q{u,A,p) = hQ{u,A,ph). (104) 

(ii) 9 is smooth with respect to the C° Banach manifold structure on (the 

completion of) B^'^ x P. 

(iii) Let l : EG"* — > EG" be the obvious inclusion. Then 

\f,{u{p))\<S =^ e{u,A,p)^Lo9{u{p)). 

Proof. Cover S by finitely many distinct balls Br{zi), i = 1. . . . . £, and choose 
points Pi,...,Pe e P such that n{pi) = Zi. Then, for every {u,A) e B^'^, 
there exists an i e {!,...,£} such that u{pi) e M^. Thus the open set B^''^xP 
is contained in the finite union of the following open sets Uij, i,j — !,...,£. 
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Choose e > so small that 9 extends to an equivariant function (still denoted 
by 6) from M^+' to EG"' and define 

Wo := {{u,A,p)\\^i{u{p))\<6 + e] , 

Uij := {{u,A,p)\-K{p)eBr{zi),\ii{u{pj))\<5 + e}. 

For every smooth path 7 : [0, 1] S and any two points po ^ ^ ^"^(7(0)) and 
Pi G 7r~^(7(l)) the holonomy PAipiil^Vo) G G of the connection A G A{P) 
is defined by PipAipi^l^Vo) '■= 7(1); where 7 : [0, 1] — > P is the unique 
horizontal lift of 7 with 7(0) = Po- It satisfies 

pA{pigul,Pogo) = 9i'^Pa{pi,1,Po)9o, 
Pg*A{Pi,l,Po) = 9{Pi)'^Pa{Pu1,Po)9{Po) 

for go,9i G G and 9 eQ. Hence the map B x 71^^(7(0)) — M : {u,A,pq) 
PA{pi,'y,Po)^^u{pi) is ^-invariant and G-equi variant. Choose a finite se- 
quence of smooth functions jij : [0, 1] x Br{zi) — ^ S such that 

%j{0,z) = z, -fij{l,z) = Zj. 

Then the functions Qq-.Uq^ EC" and 9^^ : Uij EG"", defined by 

eo{u,A,p) := 9{u{p)), Qij{u,A,p) := o(pA{pj,-fij{-,TT{p)),p)~^u{pj 



for i,j = satisfy ( |104| ). Now choose a G-invariant smooth function 

/? : M ^ [0, 1] such that (3{x) = 1 for x G and l3{x) = for a; G 
M \ M^+'l'^. Define pj : ULi^u [0> 1] and po : Uq ^ [0, 1] by 

Po{u,A,p) :-- 



^P(uip)y + {l-f3{u{p))) 

Pj{u,A,p) : 



2 ' 



for j = Then pj is smooth with respect to the C° Banach manifold 

structure on (the completion of) B x P. Moreover, 

J2pjiu,A,p)^ = 1 

j=0 
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and po{u,A,p) = 1 whenever \fi{u{p))\ < S. Now choose a finite sequence of 
smooth functions cTj : S — [0, 1], i = 1, . . . , £, such that supp (Jj C Br{zi) and 
Ei=i (^i^ = 1- Then the function 6 : B^'"- EG('^'+^)™, defined by 



e{u,A) :-- 



( Po(«,^,p)0o(m,^,p) \ 



v 



/ 



is the required classifying map. 



□ 



The integer n = (£ + l)m in the proof of Proposition |12.1| diverges to 
infinity as r tends to zero. In general, there is no ^-equivariant map from 

:= {(m, A) G i3 I min |/i o m| < 5} to any finite dimensional approximation 
of EG. 

Lemma 12.2. Assume (HI - 3). Let B e H2{Mg;Z), (S,js,dvols) be a 
compact Riemann surface, vr : P — S he the principal G-bundle determined 
by B, and S — ^ Jq^M^uo) he a smooth family of G invariant uj-compatihle 
almost complex structures on M such that each agrees with the almost 
complex structure of {H2) outside of a sufficiently large compact suhset of M. 
Then for every 6 > there exist positive constants r and Eq such that 



for < e < Eq. 



Proof. Suppose the result is false. Then there exist a constant S > and 
sequences ^ 

ri^O, Ei^O, {ui,Ai)(£M%^^ 

such that (ui, Ai) ^ B^'^^ for every i. This means that, for every p E P, there 
exists a sequence Pi E P such that 



lim Pi = p, 



\KUi{Pi))\ > S. 



This contradicts the bubbling argument in Step 5 of the proof of Theorem A 
below. □ 
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Let > be as in Lemma 12.2 . For < e < we consider the 
evaluation map 

ev^ : M%^j^ X S M Xg EG", 

given by 

evli[u,A,p]) := [uip),Qiu, A,p)] 

where 5 > is chosen such that = {]!} for every x G IS as m 

Lemma |l2j, and 6 : B^^'' xP ^ EG" is the map of Proposition |12.1| . Recall 



that 



and M-bj: have the same dimension. 



Proposition 12.3. For every Cq > there exist positive constants c and Eq 
such that the following holds. 



(i) For < e < Eq the map 
preserving embedding. 

(ii) For < E < Eo, 



M.B,T.i^o) ~^ -^B.s o^'iT' orientation 



l-2/p 



dci(ev^,ev^ o (T" x id)) < ce 

where the -distance is understood on the space of continuously differen- 
tiable maps from M% s(co) x S to M Xq EG". 



Lemma 12.4. Assume (HI) and (HA) and let B G H2{M]Z) be a nontor- 
sion homology class. For every p > 2 and every cq > there exist positive 
constants Eq and c such that the following holds for every e G (0,£:o]- Let 
I gM. be an interval and 

/^A^°j,s(co):r^K(r),Ao(r)) 

be a smooth path that satisfies ([7^. Then every smooth vector field 

r^CW eim {Vl,ir),Ao{r))Y 

satisfies the inequality 



<c{e 



v.c, 

l,p,e 

for r E I , where := V 



VrVX 



0,p,£ 



+ 



VrT^nPX 



+ E- 



LP 



l,p,e 



(wo(r-),Ao(r)) 



and Tiuo is defined by 
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Proof. Let r i-^ Ci"^) ^ '^Loir) smooth path defined hj ( = 

Then, by Lemmata ^4.7|, |4.8|, and we have 



< 

< C2(e 
+ 

+ C3 

< €2(^6 

+ C2e 

< 02(^6 

+ C2 

< C2(£ 



+ 



l,p,s 



+ 



0,p,e 



l,p,e 



LP 



l,p,£ 



0,p,e 



LP 



+ 



0,p,e 



l,p,e 



0,p,e 



LP 
-1 



2,p,£ 



VrVX 

0,p,e 



0,p,e 



LP 



LP 



LP 



+ C6(p'Cllo,p,e+^"' IKo'DXWL.+e 



-1 



The last inequahty follows as in Step 7 in the proof of Lemma \i.S\ Since 



-1 



l,p,£ 



□ 



\\T^X\\o,p,e + ^ huoVX\\LP<CrE 

the lemma is proved. 

Proof of Proposition \12.!^ . Let r 1— > (uo(r), Ao(^)) be as in Lemma |12.4| and 
r ^ Ce{r) = (^e(r),ae(r)) G im (D^^^^^^^^^^^^^)))* be as in Theorem [0| so that 

T^(Mo(r),Ao(r)) = (M,(r), A,(r)) := (exp„„(,)(ee(r)), Ao(r) + a,(r)). 



Let JF^ : — '^^(,(^) be defined by (pG]). Then jF^(^e(r)) = and hence 



VXe 




Tl{Ur))-^m-dTmCe{r)]. 
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Differentiating this identity with respect to r we find 



0,p,e 



< c[ e + e 



-l-2/p 



llC.(r)IL,,J||C.(r)IL,,,,+ 



V.C.(r) 



l,p,£ 



(See Proposition |5.2|.) Hence, by Lemma [12.4 



<c'e. 



(105) 



Since 



this shows that : M.^^ s('^o) s orientation preserving embed- 

ding. Indeed, it follows that the restriction of to every ball of radius 5 is 



an embedding for 5 and e sufficiently small and hence, by Theorem |6.1| , 
is an embedding for e sufficiently small. For e > denote 

n,s(co) :=-M^,s(co) XgP 

and consider the map ev^ : V% ^(co) M defined by 

ev^([M£,v4^,p]) := u^{p). 



Then it follows from ( |105| ) and the inequality 11^112 pe 
that 

c/ci(ev°,ev" o (T^ x id)) < c"e^-2/P. 

For e sufficiently small we have cvq = 6 o ev^, where 9^ : M'' 
is given by 9^{x) := [x, 6'(x)]. This proves the proposition. 



< c'e'^ of Theorem |0 



□ 



Proof of Theorem A. The result is obvious when B = 0. Moreover, both 
moduli spaces are empty when 5 is a nonzero torsion class. Hence assume 
that B G H2{M; Z) is a nontorsion homology class, denote by 5 G H2{Mq; Z) 
the corresponding equivariant homology class, fix a compact Riemann surface 
(S, js, dvols), and let vr : P ^ S be a principal G-bundle whose characteris- 
tic class b G if2(BG; Z) is the pushforward of B. In the course of the proof 
it will be necessary to also consider other bundles tt' : P' ^ S with corre- 
sponding equivariant homology clsses B' G H2{Mq; Z). By {H2), there exists 
a constant c > such that u{P) C Af^ := {a; G M | |/i(x)| < c} for every 
solution {u, A) of (0) over any Riemann surface. Note that c can be chosen 
to be a regular value of the function M — M : x i— >■ |/i(x)|. 
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Let S > such that G^; = {11} for every x G and let r and Eq 
be as in Lemma |12.2| . Fix k points pi,...,pk G P such that the points 
Zi := 7T{pi) G S are pairwise distinct. Choose an integer n, a G-equivariant 
smooth map 9 : — > EG", and smooth classifying maps Qi : B^'^' EG", 
defined by Qi{u, A) := 9(m, A,pi), where 9 is as in Proposition |12.1| . Then 

Q,ig-\g*A)=g{p,)-'e,{u,A) 

and 

Huip,))\<5 =^ Q,iu,A) = eiuip,)) 
ioT i = 1, . . . , k. For < e < Eq consider the evaluation maps 

ev|,i : M%^^ ^ Ma := Xg EG" 

given by ev|j := [u{pi),ei{u, A)]. Let ev% : M%^j^ {M^f denote 

the product map defined by 

ev|([M,A]) := (ev^5_i([n,A]),...,ev|j^,(KA])). 

For any subset / = {ii, ■ ■ ■ C {1, . . . , /c} such that ii < ■ ■ ■ < ij and any 
class B' G H2{Mq; Z) that descends to H2{M; Z) we consider the evaluation 
map evg, j : A^^/ ^ — (Mq)'-^' given by 



ev 



A]) := ([^(pij, J)], . . . , [u{pi.), e{u{pi 



Now fix equivariant cohomology classes ai, . . . ,ak G H*{Mq; Z) such that 



m,; := deg(ai) < 2N, ^ deg(ai) = dim A^^.s- 



1=1 



There is a natural embedding Mq — Mq and we denote by G H"^^(Mq; Z) 
the pullback of under this embedding. Note that Mq is a compact manifold 
with boundary. Replacing ctj by some integer multiple of a^, if necessary, we 
may assume without loss of generality that, for every i, there exists a compact 
oriented manifold with boundary Yi of dimension 

dim Yi = dim Mq — rrii 

and a smooth map 

fr■iY^,^Yi)^iM^,^M^) 
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such that the homology class in H^,{Mq, OMq) represented by fi is Poincare 
dual to al- For / = {ii, . . . , ij} C {1, . . . , A;} such that ii < ■ ■ ■ < we 
denote the corresponding product map by 



:= F,, X ■ ■ ■ X y,^,, /, := X ■ ■ ■ X 4 : ^ (M, 



or. 



For / = {1, . . . , A;} we abbreviate F := F{i and / := /{i,...,fc}. The func- 
tions fi, . . . , fk can be chosen such that the following holds. 

(H5) fi is transverse to fi^^{0) Xq EG" for every i and fi is transverse to 
ev^, J for every subset I C {!,...,£} and every equivariant homology 
class B' e H2{Mg-Z). 

Now the notation has been set up and we shall prove Theorem A in five 
steps. For Q < e < Sq and B G H2{Mq; Z) consider the set 

-^B,E;/ := {i[u,A],yi,...,yk) E M%^j^ x Y \ev%^i{[u, A]) = fiiyi)} . 

Step 1. The map ev% : M^ ^. ~^ (/^ "^(0) EG")'' is a pseudo-cycle. 

The map ev^ is the composition ev^ = o ev^, where the evaluation map 
evB : A^s^s ^_M^ is given by evB([M, A]) := . . . , [u{pk)]) and the 

embedding l : M ^ l^^^if^) XgEG" is given by i{\x\) := [x, 6{x)]. That ev^ is 
a pseudo-cycle was proven in ||MS1|| . Hence ev^ is a pseudo-cycle, (see |[MS1| 
for the definitions). 

Step 2. A^^,E;/ a finite set and the number of elements of M.^q y..j, counted 
with appropriate signs, is the Gromov-Witten invariant: 

GWsd^,, . . . , a,) = ev°, ■ / = z/°([wo, AoU). 

{[uo,Ao\,y)&M%^^.f 

Here the function : M.% y.-j ~^ {^^} denotes the intersection index of the 
maps ev^ and f . 

Consider the functions ipi : Xi ^ Ai^^(O) Xq EG" given by 

Xi := /r'(/i"'(0) Xg EG") C Y„ ip, := /,U,. 

Since fi is transverse to yU~^(0) Xq EG", Xi is a smooth submanifold of Yi 
and ipi is dual to the cohomology class a° G H*{fi^^{0) Xq EG"; Z) obtained 
from by pullback under the obvious inclusion /i^^(O) Xq EG" — > Mq. 
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The class agrees with the image of the class G H*{M;Z) under the 
homomorphism/7*(M;Z) ^ H*{i2~\0)xgEG;Z) i7*(/i-i(0) XqEG"; Z) : 

< G H*(M^ XgEG";Z)-^ H*(Mg;Z) 3 at 



ftO G H*(/i-i(0) XgEG";Z)- H*(M;Z) 3 a. 

Hence another representative of the class a° can be obtained as follows. Let 
ijji : Zi ^ M he a. smooth function, defined on a compact manifold Zi that 
is dual to cxi (replace ai by an integer multiple of Ofj, if necessary). Lift V'j 
to a G-equivariant map ipi : Qi yU^^(O), defined on the total space of a 
principal G-bundle Qi ^ Zi, and consider the induced map 

V^iiQ, XGEG"^/i-i(0)xGEG". 

It is homologous to cpi. Let := ipi x ■ ■ ■ x ip^ and := ipi x ■ ■ ■ x ip^. Then 

ev^ ■ / = ev^ ■ = ev^ ■ = evB ■ = GW b,t.{o^i, • • • , "fe)- 

The first equality follows from the definition of the second from the fact 
that ev^ is a pseudo-cycle (Step 1) and ip is homologous to ip, and the 
third equality follows from the definition of the Gromov-Witten invariants 
(see [ |MS1|| for example). 

Step 3. The invariant ^b,t. can be expressed as the intersection number 

^ ■ ■ ■ ^ ak) = ev% ■ f 

for 6 > sufficiently small. 

The map f : Y ^ (^g)^ dual to the class vrj^ai ■ ■ ■ ^ 7r|afc, where 
TTj : (Mq)^ — > Mq denotes the projection onto the ith factor. Moreover, 
ev% j = vTj o ev|j. Hence 



ev|-/ = / {eY%y {Trial ^ ■■■ ^ ulal) 



{eY^.yal ^ ■ ■ ■ ^ (ev| ,)*a^ 



{l^ o ev| i)*ai ^ . . . ^ (t^ o ev| 
/ cvg {ai-^ ■ ■ ■ ak) . 
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Here 6*^ : Mq Mq denotes the obvious inclusion. The last equality follows 
from the fact that l'^ o ev^ ^ : ^ ~^ is homotopic to the evaluation 
map evG in the definition of $_b,e- 

Step 4. For £ > sufficiently small there is an infective map 
such that 

^i,S;/([wo,-4o],?/o,l, • • ■,yo,k) = i[u^,Ae\,ye,l, . . .,ye,k) 
iUe,A,) = (exp„„fc),Ao + «,), ll&,«.)ll2,p,e < ^^'''^'^ 

iy%[u^,A,],y,^i, . . .,ys,k) = z/°([mo, ^o], l/o,i, • • • ,l/o,fc)- 

Here v'^ : A^g^ / ~^ {=^1} denotes the intersection index of the maps ev^ 
and f (in the transverse case). 

Choose Co > such that M.%^Y.;f <^ -^b,e(co) and consider the map 
(ev| o r^) X / : M%Ac,) xY^M'^xM'^. 



satisfies 



By Proposition |12.3| (ii), this map converges to ev^ x / in the C^-topology 
as 6 tends to zero. By {H5) the map ev^ x / is transverse to the diagonal 
A C Mq X Mq. Hence (ev|j o T*^) x / is transverse to A for e sufficiently 
small. Moreover, by Theorem |6.1| , the image of Ai^^ ^.-f under (ev|j o T^) x / 
is e^~^/^-close to A. Hence, by the implicit function theorem, there is, for e 
sufficiently small, a unique injective map 

such that the distance between each point and its image is bounded above 
by a constant times e^"^/^. Composing this map with 

X id : M%^^ xY ^ M%^j^ X Y 

we obtain the required map T^ Y.-f- By Proposition |12.3| (i), the map T^ -^.j 
identifies the two intersection indices. 
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Step 5. Assume T, = S^. Then there exists a constant £o > such that the 
map T^B,Y,j '■ ~^ •^B,S;/ ^^^P 4 ^5 surjective for < e < Eq. 

Suppose, by contradiction, that there exist sequences ^ and 
such that 

Consider the sequence 

Cy := sup {\dA,Uy\ + £l^\ii{uy)\) . 
p 

We prove that diverges to oo. Assume otherwise that is bounded. 
Then, by Theorem D, there exists a constant Ci > such that [u,^, A^] belongs 
to the image of the map 7^ 52 : A^g 52 (ci) •^bs'^ ^ sufficiently large. 
Write _ 

iu^,A^) = T'-'{uo^,Ao^), {uo^,Ao^) e ^^^^52(01). 

Since M.^ ^2(01) is compact we may assume that the limit 
(ito, ^0) = hm {uou, Aq^) e M% 52(01) 

exists. Moreover, since Y is compact, wc may assume, by passing to a further 
subsequence if necessary, that the limit 

(yi, . . . ,yfe) = lim (t/i^, . . .,yku) 

V—tOO 

exists. Since ev^ o T^"' converges to ev^ in the C^-topology, and 

ev^" o T'-'iluou, Ao^]) = f{yi^, ■■■ , yk^) 

we deduce that {[uq, Ao],yi, . . . , yfe) € ^2.^ and, for u sufficiently large, 

{r''{[uo^,Ao^]),yi^, - ■ ■ ,yku) = 72'^^2.^([mo, ^0], ■ ■ ■ , ?/fc)- 

The last assertion follows from the uniqueness part of the implicit function 
theorem used in the definition of the maps '^BS'^-f "^^^^ contradicts our 
assumption. Thus we have proved that Ci, diverges to 00 as claimed. 
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Now choose a sequence p„ G P such that 

Passing to a subsequence, if necessary, we may assume that converges. 
Denote 

w := hm T^ipu). 

Moreover, by applying Hofer's trick (see ||MS1| , Lemma 4.5.3] for example) 
we may assume that 

sup {\dA,Uy\+ s:^^\ix{u^)\) <2cy, ryC^ ^oo. 

Br I, {iriPv)) 

We distinguish three cases. 
Case 1: CySy oo. 

Case 2: There exists a S > such that S < 0,^8^ < for all u. 
Case 3: CySy — > 0. 

We shall prove that in Case 1 a nonconstant J-holomorphic sphere in M 
bubbles off at the point w, in Case 2 a nontrivial solution of the vortex equa- 
tions (|101|) bubbles off, and in Case 3 a nonconstant J-holomorphic sphere in 
M bubbles off. To see this, we choose a local holomorphic coordinate chart 
s + it on E that maps w to zero, identifies a neighbourhood of w with the 
ball i?2r, and identifies the volume form dvol^ with the form X'^ds Adt, where 
A(0) = 1. Moreover, we choose a local frame of the bundle P along this 
coordinate chart. We use the notation of Remark |4.1| . Then the sequences 
: i?2r M and \E'i, : i?2r satisfy 

Moreover, there is a sequence w^, := {sy^ty) — > such that 

Cu = X{vfy)~^\vys{'^u)\+£y'^\^^{u{vfu))\>]- sup [X''^ \vys\+ e''^ \^l{Uy)\) . 
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Let us define : Br^c^ M and $1,, : B^^c^ ~* by 

1)^(2;) := c;^<l>^(w^ + c;^2;), := c;^^^(w^ + c^^z), 

and K ■ Br^c. (0, 00) and : 5,,^^. ^ J7g(M,u;) by 

X(z) := A(w^ + c;^z), J^(z) = 

Then Aj^ converges to 1 in the C°°-topology and converges to Jq in the 
C°°-topology. Moreover, 



sup \v,s\ + Huu)\) < 2 (j^ \v,sm + HuM)\) = 2. 

Case 1: Suppose that c^ei diverges to infinity. Then, by hypothesis (H3), 
the curvature converges uniformly to zero. Hence, by Uhlenbeck's weak 
compactness theorem p|, we may assume that and converge in 
the sup-norm and weakly in W^'^. This imphes that the sequence Ui is 
bounded in ly^'^. Hence, by the usual elliptic bootstrapping argument for 
pseudoholomorphic curves, it is bounded in 1^^'^ (the lower order terms in 
the equation have the form X^_{ui) and hence are bounded in W^'^). Hence 
there exists a subsequence, still denoted by Ui, that converges strongly in W^'^ 
to a Jo-holomorphic curve m : C — M with finite energy. Since the sequence 
/i('Uj(0)) is bounded it follows that |9s'u(0)| = limj^^oo |'Si/s(0)| = 1, and hence 
u extends to a nonconstant holomorphic sphere in M. This contradicts {H2). 

Case 2: Suppose that the sequence Cj,e^ is bounded and does not converge to 
zero. Let us assume, without loss of generality, that lim,^^oo Cu^u = 1- Then 
we can use the compactness result of ||CGMS|| to deduce that, after a suitable 
gauge transformation and after passing to a further subsequence, the triple 
(mj,, \f J,) converges to a solution (m, $, of the vortex equations ( |101[ ) 
with finite energy. Moreover, 

|9,n(0)+X^(o)(n(0))| + |MS(0))| = l 



and hence the energy is nonzero. Hence, by Proposition we have 
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Case 3: Suppose that limj^^oo Cv^v = 0. Then, by Lemma OTT 



sup(c^£:^) ^/^||/i(M^)||Loc(;^) + sup(c^£:^) '^\\^{u^)\\l2^^k) < 



oo 



for every compact set K G C. It follows that the sequence Ki is uniformly 
bounded in L^. Hence, by Uhlenbeck's weak compactness theorem, we may 
assume that and \E'i, converge weakly in W^'"^ and strongly in L^, on every 
compact subset of C Here p is any fixed real number, say p > 4. Hence, 
the sequence is bounded in W^'^. Now it follows again from the elliptic 
bootstrapping analysis for pseudoholomorphic curves that is bounded in 
ly^'^ and hence has a subsequence that converges strongly in W^'^ on every 
compact subset of C. The limit (tt, $, is a finite energy solution of (||) 
on C This solution represents a J-holomorphic sphere in the quotient M. 
Moreover, since {cjje^)~^\ii{u,^{0)) \ ^ it follows that 

|9,m(0)+X4(o)M(0)| = 1 

and hence the resulting holomorphic sphere in M is nonconstant. Hence 

E{u,^,^) > h. 

Thus we have proved in all three cases that 

lim EB,(-«){uy,A^) > h 

for every r > 0. 

This shows that, after passing to a suitable subsequence, bubbling can 
only take place at finitely many points Wi, . . . , W£ G S. On every compact 
subset of S \ {wi,...,W£} the sequence \dyi^Uu\ + e~^\fi{uu)\ is uniformly 
bounded. (As an aside: this is used in the proof of Lemma 12.2[ ) Hence 
it follows as in Case 3, that a suitable subsequence in a suitable gauge con- 
verges on this complement to a finite energy solution of (|]). The limit {u, A) 
descends to a holomorphic curve 

u : S \ {wi, . . . , Wi} M 

with finite energy. Hence, by the removable singularity theorem for J- 
holomorphic curves, it extends to a holomorphic curve on all of S, still 
denoted by u. The energy of this J-holomorphic curve satisfies 

E{u) < {[iu],B) -m. 
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By hypothesis (H3), the dimension of the moduh space reduces by at least 
2N at each bubble. Thus the limit [u, A] belongs to a moduh space ^2 
of dimension 

dim M%^s^ < dim M%^s2 - 2Ni. 

If {wi, . . . , w^} n {zi, . . . , Zk} = then the limit curve {u, A) still satisfies 
eVj([M,/l]) G fi{Yi) for every i and hence cannot exist, by the transversality 
condition (-^5). In general, denote 

I ■.= {ie{l,...,k}\zi^ {wi,...,w^}}. 

Then the hmit [u, A] satisfies 

ie/ ^ eVi{[u,A]) e fi{Yi). 

Since the points Zi are pairwise distinct we have 

i>k-\I\ 

and so 

dim Mb'^s^ < dim Mb,s^ - 2N{k - \I\) < ^deg(ai). 

Here we have used the fact that deg(ai) < 2N for each i e {1, . . . ,k} \ I. 
It follows again from {H5) that such a limit curve cannot exist. Hence our 
assumption that the map T^^s'^-f were not surjective for every i must have 
been wrong. This proves the theorem. □ 



Remark 12.5. A more subtle argument, as in Gromov compactness for 
pscudoholomorphic spheres, shows that in the higher genus case the limit 
curve u also satisfies 

(ci(rM),[iZ])<(ci(™),S)-Ar£, 

where I denotes the number of points near which bubbling occurs. Here 
one needs to prove that no energy gets lost and one obtains convergence 
to a bubble tree that represents the homology class B. With this refined 
compactness argument one can extend Theorem A to the higher genus case. 
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Remark 12.6. Assume (HI), {H2), and {H4), but not the monotonicity 
hypothesis (-^3). Suppose that the number > is a lower bound for 
the energy of the nonconstant J-holomorphic spheres in M as well as for 
the energy of the nontrivial (that is positive energy) solutions of the vortex 
equations (|101|) . Let (S,dvols,jE) be a compact Riemann surface of genus 



g > and suppose that B G H2{M; Z) satisfies 

< {[lu],B) < h. 

Then the moduli space ^ is compact and the bubbling argument in 
the proof of Theorem A together with Proposition |12.3| shows that the map 



T= : M% s ■Mb s of Theorem |]T is a diffeomorphism for e > sufficiently 
small. Hence in this case the invariants $ agree with the Gromov-Witten 
invariants GW^ s- 



A The graph construction 

Let G be a compact Lie group whose Lie algebra g = Lie(G) is equipped 
with an invariant inner product and (M, o;) be a symplectic manifold with 
a Hamiltonian G-action generated by a moment map /i : M — > g. We 
denote by g — > Vect(M) : t] the infinitesimal action, by Cq{M) the 

space of G- invariant smooth functions on M, and by J'q{M,lj) the space of 
G-invariant and cu-compatible almost complex structures on M. We fix a 
Riemann surface (S, dvolg, js) and a principal G-bundle P ^ S. Given a 
family of almost complex structures S — > J'q{M,uj) : z ^ and a 1-form 
TS —>■ Cq{M) : z ^ we consider the perturbed equations 

dj,H,Aiu) = 0, *Fa + e~^fi{u) = 0, (106) 

where 

Here the (0, l)-form dj^u) G r2°'^(S, n*TM/G) is understood with respect 
to the family of almost complex structures Jz, parametrized by 2; G S. 
Moreover, the Hamiltonian perturbation is defined as follows. Associated 
to H e ni(S,C^(M)) is the 1-form Xh G 1]^^, VectG(M, tu)) which as- 
signs to every i G T^S the Hamiltonian vector field Xh,z associated to the 
Hamiltonian function Hz : M ^ M.. Thus l{Xh,z)^^ = dHz. The 1-form 
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Xh{u) G f2^(S, m*TM/G) lifts to an equivariant and horizontal 1-form on P 
with values in u*TM, also denoted by Xh{u) and defined by 



The complex anti-linear part of this 1-form is the Hamiltonian term in the 
definition of dj^H,A{u)- In this section we show how to reduce the perturbed 
equations ( |106| ) to via Gromov's graph construction \Ui 



Let us denote by an G x M) the 1-form associated to H. Thus an 
assigns to every pair of tangent vactors {z, x) G T^S x T^M the real number 
H^{x). Denote 

M := S X M. 

The 2-form 

u := Lj — dan + c dvols 

is a symplectic form on M whenever the constant c is sufficiently large. Here 
we have abused notation and denoted by u the pullback of the 2-form u on 
M under the obvious projection E x M — M and likewise for dvols- To see 
that uj is symplectic for large c, note first that is a connection form: it is 
closed and its restriction to each fibre {z} x M is symplectic. The curvature 
of this connection form is the 2-form 

Qh dvols := dH + ^{H A H} e C^(M)). 

This identity defines the function Qh : S x M — > R. Now the top exterior 
power of UJ is given by 

^h)^ a dvols, 



[n + ly. n 

where dimM = 2n. Hence uj is nondegenerate whenever c > maxfij:/. Now 
consider the almost complex structure J on M given by 

Jiz X) ■= ( ^'^("^ ° 

\ J{z,x) o Xh{z,x) - Xh{z,x) o jj^{z) J{z,x) 

Here J{z,x) := Jz{x) and we denote by Xh{z,x) : T^S T^M the linear 
map z 1—^ Xh,z{x)- Lemma |A.2| below shows that J is compatible with uj. 
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Lemma A.l. Let {u, A) e C^{P,M) x AiP) and define u : P ^ M by 
'^{p) •= (^(p)) "^(p))- Then u and A satisfy ^lOdj ) if and only if u and A 
satisfy 

dj,Ai^) = 0, *Fa + e-^fi{u) = 0. 
Here jl : M ^ q is defined by fi{z,x) := 

Proof. By definition of J we liave dj ^{u) = {0,dj^H,A{u))- Alternatively, we 
can compute in local holomorphic coordinates s+it on S. In such coordinates 
the Hamiltonian perturbation, the connection A, and the volume form on E 
have the form 

H = F ds + G dt, A = ds + dt, dvol^ = X'^ ds A dt 

and the equations ( |106| ) have the form 

dsu + + Xf{u) + J{dtu + Lu'iJ + Xg{u)) = 0, 
- dt^ + [$, ^] + (A/e) = 0. 

Moreover, the almost complex structure J is given by 

-10 
J:= I 1 

JXp — Xq JXq -\- Xp J 

This proves the lemma. □ 
Lemma A. 2. Let Zi G T^S and Xi G T^M for i = 1, 2. Then 

where (-, := uj{-, J^-)- 

Proof. Continue the notation of the proof of Lemma [A.l|. Then the curvature 



VLh is given by 

X^^lH = dsG~dtF + {F,G}, 
where {F,G} := uj{Xp,Xg) denotes the Poisson bracket on M, and 

Lj = uj - dF Ads - dG Adt + {dtF - d^G + c\^)ds A dt 
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where dF and dG denote the differential on M. Abbreviate Q :— {si,ti,Xi) 
and :— Xi + SiXp + U^G for i — 1,2. Then 

a;(Ci,^C2) = a;(Ci,(-^2,S2, J6 + 4^f-S2^g)) 

= Lu{xi, J^2 + hXp - hXa) 

+ i2dF{xi) + sidF{J^2 + hXp - S2^g) 
- S2dG{xx) + iidG{J^2 + hXp - §2X0) 
+ {dtF - dsG + cA2)(siS2 + kh) 

= ^6) + (cA' - dsG + dtF - {F, G}){hs2 + i^)- 

The last identity follows from the fact that {F, G} = dF{XG) = -dG'(XF) 
and dF{J^2) = c^(^f, ^6)- □ 

B Cauchy— Riemann operators 

Fix a compact Lie group G, an invariant inner product on the Lie alge- 
bra = Lie(G), a symplectic manifold (M, tu), a Hamiltonian G-action on 
M generated by a moment map : M — > g, a compact Riemann surface 
(E, js, dvols), a principal G-bundle P ^ E, and a family of G-invariant and 
cj-compatible almost complex structures E J'q{M,uj) : z ^-^ J^. Each al- 
most complex structure determines a Riemannian metric (■, ■)^ := uj{-, J^-) on 
M and hence a Levi-Civita connection V = V^. The value of z will usually 
be clear from the context and we shall omit the subscript z. Let u : P ^ M 
be an equivariant smooth map and Ahe connection on P. Then A and V 
determine a connection Va on u*TM/ G given by 

for i e fi°(E,M*TM/G). More precisely, we think of A as an equivariant 1- 
form on P with values in the Lie algebra Q which identifies the vertical tangent 
bundle with 0. A section ^ of u*TM/G lifts to an equivariant section of the 
bundle u*TM -> P (also denoted by ^ and a 1-form 9 E fii(E,M*TM/G) 
lifts to an equivariant and horizontal 1-form on P with values in u*TM (also 
denoted by 6). In this notation the 1-form V^^ is given by 

{^aOp{v) V,e(p) + ^ip)XA,iv){u{p)) 

for V e TpP. In general, Va preserves neither the inner product nor the 
complex structure on u*TM/G. More precisely let J„ e n'^{P,End{u*TM)) 
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be given by J„(p) := Jn{p){u{p)) G End(T„(p)M). This section is equivariant 
and hence descend to a complex structure, also denoted by of the bundle 
End(M*TM/G) S. 

Lemma B.l. The covariant derivative of Ju is given by 

^aJu = ^dAuJ{u) + j{u). 
where j{u) G End(M*TM/G)) is defined by 

d 



J{u)p{v) :-- 



dt 



Ji{t)i.u{p)) 



t=Q 

for V G TpP and a smooth path 7 : M — P such that 7(0) = p and 7(0) = v. 

Proof. Since J is G-invariant we have Cx,,J = for every G g. This formula 
can be expressed in the form 

(Vx, J)e = Vj^X, - JVgX,. (107) 

Using this formula we obtain 

yduJ{u) + i + {Vxa(u)J{u)) i 
'vdAuJ{u) + j{u)) i 



as claimed. □ 



It follows from Lemma |B.1| that the complex linear part of the connection 



Wa is the connection Wa on u*TM/ G given by 

:= ^A^ - 1-US/aJu)^ (108) 
= Ve + V^Xa{u) - \ju (Vd,,uJ{u) + j(M)) e 

Lemma B.2. Va is a Hermitian connection on u*TM/G. 
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Proof. We shall use the identity ((V^^ J)^2, ^3) + cyclic = 0. By ( |107| ), we have 



= {J^^,J^,x,) + {J^,x„J^2) 

= ( Ja, V5,(JX,) - m,J)x,) + (Vj^.X, - (Vx, J)6, ^6) 
= (J^i, V5,(JX,)) + (Vj^.X,, 76) + {X„ (Vj^, J)6) 

= (y;a(jx,),6) - (J(y7ax,),6) - ((y7aJ)x„e2) 
= 

for 6 5^2 £ T!j;M and r/ G 0. Here the penultimate equality follows from 
the fact that JX^ is a gradient vector field and that Vj^^J is skew-adjoint. 
This shows that VX^(m) is a 1-form on S with values in the bundle of skew- 
Hermitian endomorphisms of u*TM/G, and so is J(Vrf^„J). Moreover, since 

d{^i,^2) = (V6,e2) + (6, V6) - {^uJ-k2), 

the operator ^ 1-^ — ^JJC, is a Riemannian connection. By (|108|) , this 
shows that Va is a Riemannian connection. It follows directly from the 
definition that Va preserves the complex structure Ju- □ 

Lemma B.3. For every gauge transformation g G Q{P) and every section 
^ G fi°(S,M*TM/G) we have 

Proof. Since the metric (-, ■)^ is G-invariant for every z G S we have 

Hence the first identity follows from the fact that g*A = g~^dg + g~^Ag and 
that Vg-i^Xg-i^g{g~^x) = g^^'V^X^{x). The second identity follows from the 
first and the fact that is G-invariant for every z. □ 

Lemma B.4. Suppose that J is independent of z G S. Then the curva- 
ture of the connection Va is the equivariant and horizontal 2-form F"^^ G 
l]2(p,End(M*TM)) given by 

F^^{Vi,V2)^ = R{dAu{p)Vi,dAu{p)v2)i + V^Xfj,(vuV2){'^{p)) 
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for Vi,V2 e TpP and ^ G T„(p)M, where R e n^{M,End{TM)) is the Rie- 
mann curvature tensor of the metric {■,■) = uj{-,J-). This 2-form descends 
to a 2-form on E with values in End{u*TM/G), also denoted by F^^. 

Proof. Given a map — > M : (s, t) ^ u{s, t), a vector field ^(s, t) e Tu(s,t)M 
along u, and a G-connection A — ^ ds+^ dt, where ^ : ^ we denote 

Vg := dsU-\-X^{u), Vf := dtU-\-X^^{u), 

Then the assertion can be restated in the form 

To prove this we use the identities 

- WtV^X^iu) + W^^X^iu) 

R{dsu,dtu)i = VsVti-vNsi. 

R{dsu, X^{u))^ = VsV^X^iu) - \/v,^X^{u) - V^Xg^^iu), 
R{X^{u),X^{u))C = -V^X[$,*](ii) + V^x^X^iu) - V^x^X^iu). 

The first and second identities are the definition of the connection Va and 
the curvature tensor R. The other identities use the equations 

Vx,Z - VzX, = [Z,Xr,] = 0, Vz[X,„X,,] = [VzX,^,Xr,,], 

for every G- invariant vector field Z e VectG(M) and all 77, 771, 772 £ 0- □ 

Now consider the Cauchy-Riemann operator 

D := D(„,A) : 0°(E, -u^TM/G) ^ m*TM/G) 

given by 

(VaO°'' - ^J(V^J)aj,A(«). (109) 

In the case dj^A{u) — this operator is the vertical differential of the sec- 
tion u H- > dj^A{u) of the infinite dimensional vector bundle over the space 
C^(P,M) with fibre n^^\E,u*TM/G) over u. 



116 



In the following we denote the Nijenhuis tensor oiJhyNe Q'^{TM, TM). 
It is given by 



= 2J(V5,J)6-2J(VaJ)6. 

Lemma B.5. The complex linear part of D is the operator ^ (V^^)*^'^. 
Moreover, 

Proof. By definition of Va, we have 

DC = {VaO''' + \j (va,,,(«) + j{uf'') e - \j{y^J)djAu). 

Hence the formula for follows from the relation between the Nijenhuis 
tensor and V J. Now this equation shows that the operator ^ i— > D^ — (VaO^'"*^ 
is complex anti-linear. □ 



C Invariant metrics 

Let M be a (complete) Riemannian m-manifold. For v G T^M and i,j G 
{1,2} there exist linear maps 

E,{x, v) : T,M ^ re,p,(„)M, E,^{x, v) : T,M © T.M ^ re,pj„)M 

characterized by the following conditions. If x : IR — > M is a smooth curve 
and 1), w : ]R — > x*TM are vector fields along x then 

^exp^(^)(v(i)) = £;i(x,'u)i; + £;2(2;,'y)Vtv, 

Vt(£;i(x, 'f;)w) = Eu{x, v){w, x) + £;i2(x, v){w, Vtv) + t;)VtW, 
Vt{E2{x,v)w) = £;2i(x,^;)(w,i;) + £;22(x,t;)(w, VtT;) + -E;2(a;,^^)VtW. 

Note that the map Eii{x, v){w, w') is not symmetric in w and w'. It satisfies 

v){w, w') — Eii{x, v){w', w) — E2{x, v)R{w, w')v, 
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where R G f2^(M, End(TM)) denotes the curvature tensor. However, 

Ei2ix,v){w,w') = E2iix,v){w',w), 

and E22{x,v){w,w') is symmetric in w and w'. (See [ |Ga] | for more details.) 
Now let G X M M : {g,x) ^ gx be a smooth action of a compact Lie 
group G with infinitesimal action g — >■ Vect(M) : t] ^-^ X^. Assume that M 
is equipped with a G-invariant Riemannian metric. 

Lemma C.l. 

X^{exp^{v)) = Ei{x,v)Xn{x) + E2{x,v)VvX^{x), 
'^Ei{x,v)wXniexp^{v)) = Eii{x,v){w,Xr,{x)) + Ei2{x,v){w,V^X^{x)) 

+ Ei{x,v)VwXr,{x). 

Proof. Since the group action preserves geodesies, gexp^{v) = expg^{gv). 
Differentiate this identity with respect to g to obtain the first identity. To 
prove the second differentiate the first identity covariantly and use the defi- 
nition of Ej and E^. For more details see ||Ga||. □ 



For each x G M denote by : g — > T^M the infinitesimal action, i.e. 

L^T] = Xrj{x). Given a map m : ^ M, a vector field ^ : ^ u*TM 

along u, a function 77 : — g, and a G-connection A = ^ ds + dt, where 
$, \E' : ]R2 ^ g, we denote 



Vs = dgU + X^{u), Vt = dtU + Xii,{u 

Va,s^ = Vs^ + V^X^{u), VA,t^ = Vt^ + V^X^iu 
^A,sV = dsr]+[^,rf\, VA,tV = dtr] + [-^ ,7]]. 

Define p G n^{M,G) by 

(^,p(e,n) := mx,ix),o = -m'Xr,ix),o 

for G T^M and r] e g. 

Lemma C.2. With the above notation we have 

VA,sLur] - LuVa,sV = Vv,Xr,{u), \7A,tLur] - LyS/A,tV = ^vtXr^{u] 



Proof. See [^. □ 
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Now let M* denote the subset of all points x G M with finite isotropy 
subgroup Gx '■= {g & G \ gx = x} . Thus x G M* if and only if the linear map 
Lx : Q ^ TxM is injective. Hence, for every map mq : ^ M* there exists 
a unique G-connection Aq = ^ods + \l/o dt such that 

Llo'^os = Ll^vot = 0, 

where 

Vqs := dsUo + Luo%, vot := dtUo + L^g^o- 
Let ^0 : ~^ UqTM be a vector field along mq, consider the map 

u{s,t) := exp„^(,^t)(^o(s,t)). 

and abbreviate 

:= $ - $0, 7/;o := ^ - ^o- 

Lemma C.3. 

Lu^O = Vs - Ei{uo, ^o)vos - E2{uo, ^o)Vao,s^O, 
Lutpo = vt- Ei{uo, ^o)vot - E2{uo, ^o)VAo,t^O- 

Proof. We compute 

L„($-<l>o) = X$(m) -Ei(mo,^o)^*o(%) -^2(mo,^o)V5o^*o(wo) 
= dsU - Ei{uo, ^o)dsUo - E2{uo, ^o)Vs^o 

+X^{u) - Ei(mo,^o)^*oK) - ^2(Mo,^o)V5o^<I'o(%) 
= Vs- Ei{uo,^o)vos - ^2(mo,^o)Vao,.^o- 

Here the first equation follows from Lemma |C.1| , the second from the defini- 
tion of Ei, and the last from the definitions of Vg and vqs- CH 

In the proof we did not use the fact that Ll^gVQg = Ll^^v^t = 0. Now 
suppose L^g^Q = 0. Then, by Lemma |C2| , 

L*uo^AoM = -P{v0s, ^o), Ll^^AoAo = -P{v0t, ^o)- 

Abbreviating Ei = Ei{uq,C,o) and E2 = £'2(^0,^0) "we obtain the following. 
Corollary C.4. If Ll^^^o = then 

L;^E2-%($ - $0) = Ll^E2~\vs-E,vos)+pivos,^o), 
L:K2-%(^-^o) = LlE2-\vt-E,vot)+p{vot,^o). 
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Proof. Lemma 



□ 



Lemma C.5. Assume Iv*^^o = and abbreviate Ei := Ei{uQ,C,o) and Eij : = 
Eijiuo,^o). Then 

-Eu{vos, vot) - Euivos, VAo,t^o) 

-E2i{\/Ao,s^O,'Vot) - E22C^Ao,s^O, VacJ^o) 
—Ei'VAo,tVos — E2VAo,t'^Ao,s(.0, 

-En{vos, Vqs) - Ei2{vos, ^^AoM) 

—E2i{\/ao,s^O,Vos) — -E^22(Vao,s^O, Vao,s^o) 
—Ei'Vao,sV0s — -E'2Vao,sVao,s^O- 

Proof. We only prove the first identity. The proof of the second is similar. 
By Lemmata |(J.2| and |U.3| , 

Lu'VA,tfO = ^A,tLufO-'^vtX^o{u) 

= '^A,tVs - VaAEiVOs) - VA,t(-E2VAo,s^o) - Vt„X^„(^)- 

Hence, by the definition of Eij and Lemma |C1| , 

= Eu{vos, dtuo) + Ei2{vos, Vt^o) 

+ Enivos, X^^,{uo)) + Ei2{vos,^o^^oi'^o)) 
+ EiVtVos + VEivosXi,Q{u) + EiVvosX^boi^o) 

= Ve^vo,X^o{u) + Eii{vos, Vot) + Ei2{vos, VAo,t^o) + EiVAo,tVQs 

and 

^aAE2VaoM) = ^t{E2VAUo)+^E,V^^,M,X^{u) 

= E2i(yAoM, dtUo) + E22{VaoAo, Vt^o) + E2VtVA,Ao 

+ Vi?2VAo,sCo^^o(^) + E2l(yAo,s^O, X-^o{Uo)) 
+ E22{VaoAo, ^o^^oiuo)) + ^2Vv^g,,5o-^*o(wo) 
= VB2y4o,,5o^V'o (^) + E21 (Vao,sCo, Vot) 

+ -E22(V4o,s'Co, VAo.fCo) + -£^2V4o,tV4o,sCo- 
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Inserting these two identities into the previous formula we obtain 




-Eu{vos, Vot) - Euivos, V4o,t^o) 
—EiVAo,tVOs — E2VAo,t^Ao,s^O- 



Now the result follows from Lemma |C.3 



□ 
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